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Abstract 

The question of spontaneous apparition of singularity in the 3D 
incompressible Euler equations is one of the most important and chal- 
lenging open problems in mathematical fluid mechanics. In this survey 
article we review some of recent approaches to the problem. We first 
review Kato's classical local well-posedness result in the Sobolev space 
and derive the celebrated Beale-Kato-Majda criterion for finite time 
blow-up. Then, we discuss recent refinements of the criterion as well 
as geometric type of theorems on the sufficiency condition for the reg- 
ularity of solutions. After that we review results excluding some of 
the scenarios leading to finite time singularities. We also survey stud- 
ies of various simplified model problems. A dichotomy type of result 
between the finite time blow-up and the global in time regular dynam- 
ics is presented, and a spectral dynamics approach to study local in 
time behaviors of the enstrophy is also reviewed. Finally, progresses 
on the problem of optimal regularity for solutions to have conserved 
quantities are presented. 
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1 Introduction 

The motion of homogeneous incompressible ideal fluid in a domain Q C 
is described by the following system of Euler equations. 



(E) 



dv 

— + {vV)v = -Vp, {x,t) enx {0,oo) 

div V = 0, {x,t) X (0, oo) 
v{x, 0) = Vq{x), X E Q 
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where v = (t'"^,f^, ■ ■ ■ v-' = v^{x,t), j = 1, 2, ■ ■ ■ , n, is the velocity of 
the fluid flows, p = p{x,t) is the scalar pressure, and V(){x) is a given initial 
velocity field satisfying div vq = 0. Here we use the standard notion of vector 
calculus, denoting 

\dxi ' (9x2 ' ' dxn / ' dxk f-f Sxfc ' 

' k=l fe=l 

The first equation of (E) follows from the balance of momentum for each por- 
tion of fluid, while the second equation can be derived from the conservation 
of mass of fluid during its motion, combined with the homogeneity (const ant 
density) assumption on the fluid. The system (E) is first derived by L. Eu- 
ler in 1755 ([7^). Unless otherwise stated, we are concerned on the Cauchy 
problem of the system (E) on = M", but many of the results presented 
here are obviously valid also for Vt = R"/Z"(periodic domain), and even for 
the bounded domain with the smooth boundary with the boundary condi- 
tion V ■ u = 0, where u is the outward unit normal vector. We also sup- 
pose n = 2 or 3 throughout this paper. In this article our aim to survey 
recent results on the mathematical aspects the 3D Euler equations closely re- 
lated to the problem of spontaneous apparition of singularity starting from 
a classical solutions having finite energy. If we add the dissipation term 
/iAf = yU 'Y^j=i where /i > is the viscosity coefficient, to the right hand 

side of the first equation of (E), then we have the Navier-Stokes equations, 
the regularity /singularity question of which is one of the seven millennium 
problems in mathematics. In this article we do not treat the Navier-Stokes 
equations. For details of mathematical studies on the Navier-Stokes equa- 
tions see e.g. [m EZl [IH [HH [Ml [M [ID2]. We also omit other impor- 
tant topics such as existence and uniqueness questions of the weak solutions 
of the 2D Euler equations, and the related vortex patch problems, vortex 
sheet problems, and so on. These are well treated in the other papers and 
monographs( [IISl W\ SSI [ffl [1331 [1351 [I53l [IMl [UHl [I39] ) and the references 
therein. For the survey related the stability question please see for example 
[79] and references therein. For the results on the regularity of the Euler 
equations with uniformly rotating external force we refer pj , while for the nu- 
merical studies on the blow-up problem of the Euler equations there are many 
articles including [lOH jlOl |M1 [3 [HQl [IH [HH [90l [SI ^\ . For various mathe- 
matical and physical aspects of the Euler equations there are many excellent 
books, review articles including [Tl IglliSlliTlligilTgiIgm [m [TTBl [TM 1291 [T^ . 



3 



Obviously, the references are not complete mainly due to author's ignorance. 



1.1 Basic properties 

In the study of the Euler equations the notion of vorticity, u =curl t>, plays 
important roles. We can reformulate the Euler system in terms of the vortic- 
ity fields only as follows. We first consider the 3D case. Let us first rewrite 
the first equation of (E) as 

dv 1 

— t; X curly = —V(p + -If P). (1.1) 

dt 2' ' ^ ^ ' 

Then, taking curl of (11.11) . and using elementary vector identities, we obtain 
the following vorticity formulation: 

^ + {v-V)uj = uj-Vv, (1.2) 
div 17 = 0, curl v = (1.3) 



uj{x, 0) = ujq{x). (1.4) 

The linear elliptic system (II. 3p for v can be solved explicitly in terms of uj, 
assuming oj decays sufficiently fast near spatial infinity, to provides us with 
the Biot-Savart law. 

Substituting this v into (II. 2p . we obtain an integro-differential system for 
uj. The term in the right hand side of (II. 2p is called the vortex stretching 
term, and is regarded as the main source of difficulties in the mathematical 
theory of the 3D Euler equations. Let us introduce the deformation matrix 
S{x, t) = {Sij{x, t))fj=i defined as the symmetric part of the velocity gradient 
matrix. 



2 V dxi ' dxj 



From the Biot-Savart law in (II. 5p we can explicitly compute 

,x 3 f [{yxu;{x + y,t))(^y + y^{yxu;{x + y,t))] 

S{x,t) = —p.v. — dy (1.6) 

Stt V y^ 
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(see e.g. for the details on the computation). The kernel in the convo- 
lution integral of f 1 1.6 1) defines a singular integral operator of the Calderon- 
Zygmund type(see e.g. |137[ 1138 ] for more details). Since the vortex stretch- 
ing term can be written as (a; ■ V)f = Su, we see that the singular integral 
operator and related harmonic analysis results could have important roles to 
study the Euler equations. 

In the two dimensional case we take the vorticity as the scalar, uj = 
^ 1^, and the evolution equation of u becomes 

axi 0X2 ' ^ 

^ + {vV)u; = 0, (1.7) 

where the velocity is represented in terms of the vorticity by the 2D Biot- 
Savart law, 

Observe that there is no vortex stretching term in (11.71) . which makes the 
proof of global regularity in 2D Euler equations easily accessible. In many 
studies of the Euler equations it is convenient to introduce the notion of 
'particle trajectory mapping', X{-,t) defined by 

^^^^lH = ^(X(a, t),t), X{a, 0) = a, a e Q. (1.9) 

The mapping X{-,t) transforms from the location of the initial fluid particle 
to the location at time t, and the parameter a is called the Lagrangian particle 
marker. If we denote the Jacobian of the transformation, det(VaX(a, if:)) = 
J{a,t), then we can show easily (see e.g. |116j for the proof) that 

^ = (div.)J, 

which implies that the velocity field v satisfies the incompressibility, div v = 
if and only if the mapping X{-,t) is volume preserving. At this moment we 
note that, although the Euler equations are originally derived by applying 
the physical principles of mass conservation and the momentum balance, we 
could also derive them by applying the least action principle to the action 
defined by 

1 



liA) 



f'l 


dX{x,t) 


hi J VI 


dt 
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dxdt. 
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Here, X{-,t) : f2 — f2 C M" is a parameterized family of volume preserving 
diffeomorphism. This variational approach to the Euler equations implies 
that we can view solutions of the Euler equations as a geodesic curve in 
the L^(f2) metric on the infinite dimensional manifold of volume preserving 
diffeomorphisms(see e.g. [U El [75] and references therein for more details on 
the geometric approaches to the Euler equations). 

The 3D Euler equations have many conserved quantities. We list some 
important ones below. 



(i) Energy, 



(ii) Helicity, 



(iii) Circulation, 



E{t) = ]- I \v{x,t)\^dx. 
2 Jo, 



H{t) = I v{x,t) ■ Lu{x,t)dx. 



rc(i) = f V -dl, 

JC{t) 



I{t) = - I X X uj dx. 



where C{t) = {X{a, t) | a G C} is a curve moving along with the fluid. 

(iv) Impulse, 

Kt) = ^ 

(v) Moment of Impulse, 

M{t) = / X X {x X u) dx. 



The proof of conservations of the above quantities for the classical solutions 
can be done without difficulty using elementary vector calculus(for details 
see e.g. |116[ I118j ). The helicity, in particular, represents the degree of knot- 
edness of the vortex lines in the fluid, where the vortex lines are the integral 
curves of the vorticity fields. In [1] there are detailed discussions on this 
aspects and other topological implications of the helicity conservation. For 
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the 2D Euler equations there is no analogue of hehcity, while the circulation 
conservation is replaced by the vorticity flux integral, 



uj{x, t)dx, 

D(t) 

where D{t) = {X{a,t) | a G -D C fi} is a planar region moving along the 
fluid in Q. The impulse and the moment of impulse integrals in the 2E Euler 
equations are replace by 

- / (x2, —Xi)ujdx and ~ tt / \x\'^ujdx respectively. 

In the 2D Euler equations we have extra conserved quantities; namely for 
any continuous function / the integral 

/ f{uj{x,t))dx 
Jq 

is conserved. There are also many known explicit solutions to the Euler 
equations, for which we just refer [1081 1116] . In the remained part of this 
subsection we introduce some notations to be used later for 3D Euler equa- 
tions. Given velocity v{x,t), and pressure p{x,t), we set the 3x3 matrices, 

T/. - ^ Q - + A - - p _ 

''~dx,' 2 ' 2 ' ''~dx,dx,' 

with i,j = 1,2,3. We have the decomposition V = (Vij) = S + A, where 
the symmetric part S = (Sij) represents the deformation tensor of the fluid 
introduced above, while the antisymmetric part A = (Aij) is related to the 
vorticity u by the formula. 



^3 3 
Aij = - ''^^EijkUJk, OJi = EijkAjk, (1-10) 

k=l j,k=l 



where Eijk is the skewsymmetric tensor with the normalization £123 = 1. 
Note that P = (Pij) is the hessian of the pressure. We also frequently use 
the notation for the vorticity direction field, 

\uj{x,t)\ 
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defined whenever u!{x,t) ^ 0. Computing partial derivatives d/dxk of the 
first equation of (E), we obtain the matrix equation 

DV ^ D d , , , , 

Taking symmetric part of this, we obtain 

Dt 

from which, using the formula fll.lOp . we have 

3 



DSi^ 



^SikSkj + j{\uj\'^6ij - UiUj) - Pij, (1-12) 



k=l 



where 6ij = 1 if i = j, and 6ij = if i 7^ j. The antisymmetric part of (11. lip , 
on the other hand, is 

RA = .SA- AS, 
Dt 

which, using the formula (11.101) again, we obtain easily 

^^5., (1.13) 

which is the vorticity evolution equation (II. 2p . Taking dot product (11.131) 
with uj, we immediately have 



D\uj\ 
Dt 

where we set 

3 

a{x, t) 



a\u\, (1.14) 



^ ^i{x, t)Sij{x, t)^j{x, t) if uj{x, t)^Q 
ifuj{x,t) = 0. 
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1.2 Preliminaries 

Here we introduce some notations and function spaces to be used in the later 
sections. Given p G [l,C)o], the Lebesgue space Lp(R"), p G [l,oo], is the 
Banach space defined by the norm 

[ ( [ \f{x)\^dxy , pG[l,oo) 
ess. sup |/(a;)|, p = oo. 

For j = 1, ■ ■ ■ ,n the Riesz transform Rj of f is given by 

vr 2 jiRn \x — y\ ^ 

whenever the right hand side makes sense. The Hardy space 7i^(M"') C 
L^iW) is defined by 

n 

fen\Rn if and only if := + ||i?,/|Ui< oo. 

i=i 

The space BMO{M."-) denotes the space of functions of bounded mean oscil- 
lations, defined by 

feBMOiR^ if and only if := sup /" < oo, 

where fq = y^j^ Jq fdx. For more details on the Hardy space and BMO we 
refer |137[ll38j . Let us set the multi-index a := (ai, 0:2, ■ ■ ■ , a™) G (^+U{0})" 
with |a| = ai + a2 + --- + a„. Then, := D'^'D^' ■ --D^-, where Dj = 
d/dxj, j = 1,2,--- ,n. Given k E Z and p G [1, cxd) the Sobolev space, 
IV'^'P(M") is the Banach space of functions consisting of functions / G Lp(M") 
such that ^ 

\\f\\^,,,:=([ \Dy{x)\Pdx]'' 

where the derivatives are in the sense of distributions. For p = 00 we replace 
the L'P(R.^) norm by the L°°(M") norm. In particular, we denote H"^(W^) = 
iy"'^(R"). In order to handle the functions having fractional derivatives of 
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order s G M, we use the Bessel potential space Lp(W^) defined by the Banach 
spaces norm, 

Wfhs. := ||(l-A)f/|U., 

where (1 - A)t / = J^-^[{1 + \^\'^)^Hf){0]- Here J^(-) and J^-\-) denoting 
the Fourier transform and its inverse, defined by 



W)(0 = /(0= / e-<f{x)dx, 



and 

J^-\f){x) = fix) = / e-<f{Od^, 

whenever the integrals make sense. Next we introduce the Besov spaces. We 
follow [US] (see also [TUl [Ml iSl HSO]). Let 6 be the Schwartz class of 
rapidly decreasing functions. We consider 9? e © satisfying Supp(^ C {.^ G 
I i < 1^1 < 2}, and (^(0 > if | < |^| < 2. Setting cpj = ip{2-^0 (In 
other words, ipj{x) = 2^"(f{2^x).), we can adjust the normalization constant 
in front of so that 

J2m) = ^ VeGM'^\{0}. 

Let s G M, p, g G [0, 00]. Given / G &, we denote Ajf = ipj * f. Then 
the homogeneous Besov semi- norm is defined by 



Y.'^'''y^*f\\%] if [1,00) 



sup (2^^||v9j * fWip) if g = 00. 



For {s,p, q) G [0, 00) x [1, 00] x [1, 00] the homogeneous Besov space ^ is a 
quasi- normed space with the quasi- norm given by 11 ■ 11 . For s > we define 

the inhomogeneous Besov space norm ||/||_b|^ of / G 6' as ||/||_b|^ = + 
Similarly, for {s,p,q) G [0, cxd) x [1,oo) x [1,oo], the homogeneous 



B" ■ 

P,<3 
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Triebel-Lizorkin semi-norm ||/||^s is defined by 



ps 



LP 



sup (2^%,- */(■)!) 



if g G [1, oo) 



if g = cxo 



LP 



The homogeneous Triebel-Lizorkin space is a quasi-normed space with 
the quasi-norm given by || ■ \\ps ■ For s > 0, (p, q) G [1, oo) x [1, oo) we define 
the inhomogeneous Triebel-Lizorkin space norm by 



LP 



+ 



The inhomogeneous Triebel-Lizorkin space is a Banach space equipped with 
the norm, || ■ We observe that 5^,p(M") = F^^p{W). The Triebel- 

Lizorkin space is a generalization of many classical function spaces. Indeed, 
the foUowings are well established(see e.g. |145j ) 

F^^,{W) = F^^,{W) = L^iW), {l<p< oo). 



^0 = m«) and F° ^ = BMO{ 



f;,2(m") 



oo,2 



We also note sequence of continuous embeddings for the spaces close to 

L°°(w)(^rmm\). 



BMOil 
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:li5) 



Given 0<s<l,l<p<oo, l<g<oo, we introduce another function 
spaces g defined by the seminorm. 



\f{x)-f{x-y)Y 



■dy 



ifl<p<oo, l<g<oo 



LP(R",dx) 



ess sup 

\y\>o 



\f{x) - f{x-y)\ 



ifl<p<oo,g = oo 



LP(R",dx) 
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On the other hand, the space B^^^ is defined by the seminorm, 



LP 



\n+sq 



dy 



ess sup 

|y|>o 



LP 



\y\ 



ifl<p<oo, l<g<oo 
ii 1 < p < oo,q = oo 

Observe that, in particular, J^^^^ = B^^^ = C^, which is the usual Holder 
seminormed space for s G M+Z. We also note that if g = oo, B^ ,^ = A/^, 
which is the Nikolskii space. 

The inhomogeneous version of those spaces, J-'^^^ and B^ ^ are defined by 
their norms, 



LP + 



LP 



+ 



"p,q 



respectively. We note that for < s < 1, 2 < p < oo, g = 2, J^^_2 - 
introduced above(see pp. 163. [137] ). If ^^.^^^ ^| <s<l, n<p<oo and 
n < q < oo, then JF^^ coincides with the Triebel-Lizorkin space Fpq(M") 
defined above(see pp. 101, [145j ). On the other hand, for wider range of 
parameters, 0<s<l,0<p<oo,0<g<oo, B^^^ coincides with the 



Besov space i?^ (M") defined above. 



2 Local well-posedness and blow-up criteria 

2.1 Kato's local existence and the BKM criterion 

We review briefiy the key elements in the classical local existence proof of 
solutions in the Sobolev space m > n/2 + 1, essentially obtained 

by Kato in [97j(see also |116j ). After that we derive the celebrated Beale, 
Kato and Majda's criterion on finite time blow-up of the local solution in 
i7"^(M"), m > n/2 + 1 in Taking derivatives on the first equation of 
(E) and then taking inner product it with D'^v, and summing over the 
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multi-indices a with |a| < m, we obtain 

a|<m 

|Q|<m |a|<m 
= 1 + 11 + III. 

Integrating by part, we obtain 

/// = J2 (^"p,^°ciivw)L2 = 0. 

\a\<m 

Integrating by part again, and using the fact div = 0, we have 

J/ = -^E [ {vV)\D''v\^dx = ]- J2 I divt;|D°t;prfx = 0. 

We now use the so called commutator type of estimate{ \i^A\ ). 

\a\<m 

and obtain 

WD'^iv ■V)V - {V ■V)D''v\\L2\\v\\Hm < C\\ 

|a|<m 

Summarizing the above estimates, I, II, III, we have 

^\\v\\h^ < C\\Vv\\Lo^\\v\\jjm. (2.1) 

Further estimate, using the Sobolev inequality, \\Vv\\loc < C||f ||//m for m > 
n/2 + 1, gives 

Aiu,i|2 < rWvW^ 

1 1 1 1 H''^ — 1 1 1 1 ' 

Thanks to Gronwall's lemma we have the local in time uniform estimate 

\\v{t)\\Hr^ < , < nvoWn^ (2.2) 
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for all t G [0, T], where T = 2cp^]|^- Using this estimate we can also deduce 
the estimate 

< C{\\vo\\Hr^) (2.3) 

directly from (E). The estimates (12.21) and (12.31) are the two key a priori es- 
timates for the construction of the local solutions. For actual elaboration of 
the proof we approximate the Euler system by mollification, Galerkin pro- 
jection, or iteration of successive linear systems, and construct a sequence of 
smooth approximate solutions to (E), say {ffc(-,t)}fceN corresponding to the 
initial data {fo,fc}fegN respectively with Vk — >■ fo in H"^{W"'). The estimates 
for the approximate solution sequence provides us with the uniform estimates 
of {vk} in L^{[0,T];H"'{W)) n Lip{[0,T]; H"'-\W)). Then, applying the 
standard Aubin-Nitche compactness lemma, we can pass to the limit k ^ oo 
in the equations for the approximate solutions, and can show that the limit 
V = is a solution of the (E) in L°°([0, T]); if™'(M")). By further argu- 
ment we can actually show that the limit v belongs to C{[0,T]; H'^{W^)) fl 
AC([0,T];if™-i(M")), where AC{[0,T];X) denotes the space of X valued 
absolutely continuous functions on [0,T]. The general scheme of such exis- 
tence proof is standard, and is described in detail in |114j in the general type 
of hyperbolic conservation laws. The approximation of the Euler system by 
mollification was done for the construction of local solution of the Euler(and 
the Navier-Stokes) system in |116j . 



sup 

0<i<T 



dv 



dt 



Regarding the question of finite time blow-up of the local classical solution 
in if™(]R"), m > n/2 + 1, constructed above, the celebrated Beale-Kato- 
Majda theorem(called the BKM criterion) states that 

lim sup ||f (t)ll//'' = oo if and only if / ||u;(s)||ioo(is = oo. (2.4) 
tyn Jo 

We outline the proof of this theorem below(for more details see [H I116j ). 
We first recall the Beale-Kato-Majda's version of the logarithmic Sobolev 
inequality, 

\\Vv\\loo < C||u;||loo(1 + log(l + ||t;||/f™)) + C||cj||i2 (2.5) 

for m > n/2 + 1. Now suppose /J"* ||a;(t)||L=o(it := M{T^,) < oo. Taking 
inner product the first equation of (E) with uj, then after integration by part 
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we obtain 



1 d II 1 1 Q / / , , 1 1 1 1 II > II II II II II II 1 1 2 

2rft ~ ' ''^'^''■^^ — ll^'^IUHI^IU^ ~ II^IU°° II^IIl2) 

where we used the identity ||Vi^||l2 = ||cc;||2,2. Applying the Gronwall lemma, 
we obtain 

||t^(^)||L2 < IkolU^ exp \\u{s)\\Lc^ds^ = ||t^o||L2 exp[M(T*)]. (2.6) 

for all t e [0, T^]. Substituting fl2.6p into fl2.5p . and combining this with (12. ip . 
we have 

^ikllnm < C [1+ ||cj||ioo[l + l0g(l + llt^llnm)] WvWHm 



Applying the Gronwall lemma we deduce 



|f(t)||iym < ||fo||_H-™ exp 



Ciexp C2 / II co'(r) II LOO c/r 







(2.7) 



for all t e [0, T^] and for some constants Ci and C2 depending on M{T^). The 
inequality (12.70 provides the with the necessity part of (12.40 . The sufficiency 
part is an easy consequence of the Sobolev inequality, 



/ {s)\\ LOO ds <T^ sup \\V v(t)\\ LOO < CT^ sup 11^(^)11//™ 
Jo o<t<r* o<t<T, 

for m > n/2 + 1. There are many other results of local well-posedness 
in various function spaces(see [Tl[il[IIl[20llllll5l[96l[98l[99l [ml [Ti2l 
11431 1147[ 11481 1153] ). For the local existence proved in terms of a geometric 
formulation see [TS] • For the BKM criterion for solutions in the Holder space 
see [3]. Immediately after the BKM result appeared. Ponce derive similar 
criterion in terms of the deformation tensor ([128]). Recently, Constantin 
proved local well-posedness and a blow-up criterion in terms of the active 
vector formulation( [5T| ) . 



2.2 Refinements of the BKM criterion 

The first refinement of the BKM criterion was done by Kozono and Taniuchi 
in )1U5] . where they proved 
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Theorem 2.1 Let s > n/p+1. A solutionv of the Euler equations belonging 
to C([0, T,); Vr^'P(M"))nCi([0, T,); W^^-2'P(M")) blows up at T, zn W''P{W)), 
namely 

lim sup ||f (t)||H/s,p = 00 if and only if / IIcjIIbmo = 00. 
t/T. Jo 

The proof is based on the foUowing version of the logarithmic Sobolev in- 
equality for / e W'^iR"'), s > n/p, 1 < p < 00, 

II/IIlo^ < (1 + ||/||bmo(i + iog+ ll/lk..)) . 

(see |105j for details of the proof). We recall now the embedding relations 
fll.lSp . Further refinement of the above theorem is the following (see [T^ [20] ) . 



Theorem 2.2 (i) (super-critical case) Let s > n/p + l,p G (l,oo),g e 
[1,00]. Then, the local in time solution v G C([0, T^); 5^ ^(IR")) blows 
up at T* in Bp giMP), namely 

lim sup ||t'(t) IIbs =00 if and only if / ||ct;(t)||^o dt = 00. 

t/T* ''''' Jo 

(ii) (critical case) Let p G (l,oo). Then, the local in time solution v G 
C([0,T,);5p/^+^(R")) blows up at T, m 5p//+^(M")), namely 

lim sup ||f (t)|Ln/p+i = 00 if and only if / ||ci;(t)||^o dt = 00. 

t/T, P.i Jo 

The proof of (i) is based on the following version of the logarithmic 
Sobolev inequality for / G 5* ^(IR") with s > n/p with p G (1, 00), q G [1, 00]. 

II/IU. <C(l + ||/bo^^^(log+||/b., + l)) 

In |106] Kozono, Ogawa and Taniuchi obtained similar results to (i) above 
independently. 

In all of the above criteria, including the BKM theorem, we need to con- 
trol all of the three components of the vorticity vector to obtain regularity. 
The following theorem proved in |22| states that actually we only need to 
control two components of the vorticity in the slightly stronger norm than 
the L°° norm(recall again the embedding (11.151) ). 
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Theorem 2.3 Let m > 5/2. Suppose v G C{[0,T^); H"'{M.^)) is the local 
classical solution of (E) for some Ti > 0, corresponding to the initial data 
vq G H"^(R^), and uj = curl v is its vorticity. We decompose u = u + uj^e^, 
where oj = u^ci + uP'e2, and {ei, 62, 63} is the canonical basis o/M^. Then, 



Note that u could be the projected component of u onto any plane in M^. 
For the solution v = [v^, f ^, 0) of the Euler equations on the xi — X2 plane, 
the vorticity is u; = uj^e^ with = d^^v"^ — dx2V^, and uj = 0. Hence, as a 
trivial application of the above theorem we reproduce the well-known global 
in time regularity for the 2D Euler equations. 

Next we present recent results on the blow up criterion in terms of hessian 
of the pressure. As in the introduction we use P = (Pij), S = (Sij) and ^ to 
denote the hessian of the pressure, the deformation tensor and the vorticity 
direction field respectively, introduced in section 1. We also introduce the 
notations 




= C, C■P^ = ^^■ 



The following is proved in |30j . 

Theorem 2.4 If the solution v{x,t) of the 3D Euler system with vq G if™(M^), 
m > 5/2, blows up at T^, namely limsup^y^j.^ = 00, then necessar- 



Similar criterion in terms of the hessian of pressure, but with different 
detailed geometric configuration from the above theorem is obtained by Gib- 
bon, Holm, Kerr and Roulstone in [S7|. Below we denote = ^ x P^. 

Theorem 2.5 Let m > 3 and = /J? be a periodic box. Then, there 
exists a global solution of the Euler equations v G C([0, 00); //'"(T'^)) fl 



excepting the case where ^ becomes collinear with the eigenvalues of P at T . 



lim sup ||f (t)!!//™ = 00 

t/T, 




ily. 




Cn[0,oo);iy'"-HT3)) if 
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Next, we consider the axisymmetric solution of the Euler equations, which 
means velocity field v{r,X3,t), solving the Euler equations, and having the 
representation 

v{r, xs, t) = v''{r, X3, t)e^ + v\r, X3, t)ee + v^{r, X3, t)e3 

in the cylindrical coordinate system, where 

^X\ X2 „^ / X2 X\ 



e. = (— ,— ,0), ee = { ,— ,0), 63 = (0,0,1), r 

/y ly /y ry 



X2 I ^2 
1 "I" ' 



In this case also the question of finite time blow-up of solution is wide 
open(see e.g. [H9l[90l|TT] for studies in such case). The vorticity u = curl v 
is computed as 



OJ = (jJ^Cr + UJ 60 + 63, 



where 



We denote 



1 



V = V^Cr + f ^63, 



UJ = UJ Cr + UJ 63. 



Hence, uj = uj + ujq, where uje = u^eg. The Euler equations for the axisym- 
metric solution are 

dr ' 





+ 






{v- 


'dt 






+ 




dt 


{v- 




S dv^ 






dt 


+ 


{v. 




div 


V - 


= 




X3, 


0) 



r 9 
V V 



r 

dp 
dxs' 



where V = + 63 In the axisymmetric Euler equations the vorticity 
formulation becomes 

+ {v-V)=uj'{u-Vy 



dt 
duj'^ 
~dt 



dt^'-^ 



UJ 



- =(^-V) - 



div {; = 0, curl v = uj^ . 
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In the case of axisymmetry we only need to control just one component 
of vorticity(tlie angular component) to get the regularity of solution. The 
following theorem is proved in [30]. 



Theorem 2.6 Let v e C{[0,T^); H'^iR^)) , m > 5/2, be the local classical 
axisymmetric solution of (E), corresponding to an axisymmetric initial data 
vq G H"^{M.^). Then, the solution blows up in i7™(]R^) at if and only if 
for all (7,p) G (0, 1) x [1, oo] we have 



loodt + I exp 





{||t^e(s)||Loc(l + log'^{\\ujg{s)\\c-r\\uJeis)\\i 
+ \\ujg{s) \og^ r\\Loc^ ds dt = oo. (2.8) 



We observe that although we need to control only ujg to get the regularity, 
the its norm, which is in C^, is higher than the L°° norm used in the BKM 
criterion. If we use the 'critical' Besov space we can derive slightly 

sharper criterion than Theorem 2.6 as follows(see [22] for the proof). 

Theorem 2.7 Let v G C([0,T^); if™(M'^)) be the local classical axisymmetric 
solution of (E), corresponding to an axisymmetric initial data vq G if'"(M^). 
Then, 



lim sup ||f (t)||/i-.> 

t/T, 



OO if and only if 



\LJe{t)\\^o dt 

oo.l 



oo. 



(2.9) 



We observe that contrary to (12.81) we do not need to control the high regular- 
ity norm, the C"' norm of vorticity in (12.91) . We can also have the regularity 
of the axisymmetric Euler equation by controlling only one component of the 
velocity, the swirl velocity as in the follows proved in [38] . 

Theorem 2.8 Let v G C([0, T,); //"(M^)), m > 5/2, be the local classical 
axisymmetric solution of (E), corresponding to an axisymmetric initial data 
Vq G H^{E?). Then, the solution blows up in H^{E?) at T* if and only if 



+ 







1 dv^ 




dr 


L°° 


r 8x3 





dt 



00. 
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2.3 Constantin-FefFerman-Majda's and other related 



In order to study the regularity problem of the 3D Navier-Stokes equations 
Constantin and Fefferman investigated the geometric structure of the inte- 
gral kernel in the vortex stretching term more carefully, and discovered the 
phenomena of 'depletion effect' hidden in the integration ([55], see also 08] for 
detailed exposition related to this fact). Later similar geometric structure of 
the vortex stretching term was studied extensively also in the blow-up prob- 
lem of the 3D Euler equations by Constantin, Fefferman and Majda([5^). 
Here we first present their results in detail, and results in [25], where the 
BKM criterion and the Const ant in- Fefferman- Ma j da's criterion are interpo- 
lated in some sense. Besides those results presented in this subsection we 
also mention that there are other interesting geometric approaches to the 
Euler equations such as the quaternion formulation by Gibbon([5 ^ 157]). 
We begin with a definition in [56] . Given a set G and r > we use the 
notation Br{W) = {y e Br{ e W}. 

Definition 2.1 A set Wq C M.^ is called smoothly directed if there exists 
p > andr, < r < p/2 such that the following three conditions are satisfied. 

(i) For every a e = {q e Wo] \uJoiq)\ ^ 0}, and all t G [0,T), the 
vorticity direction field ^(■,t) has a Lipshitz extension(denoted by the 
same letter) to the Euclidean ball of radius 4p centered at X{a,t) and 



results 




The inequahty 



sup \uj{x,t)\<m sup [^^(x,^)! 



holds for all t G 



[0,T) with m > constant. 



(iii) 



The inequality 



sup \v{x, t)\ < U 

B4piWt) 



holds for all t G 



[0,T). 
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The assumption (i) means that the direction of vorticity is well behaved in 
a neighborhood of a bunch of trajectories. The assumption (ii) states that 
this neighborhood is large enough to capture the local intensification of uj. 
Under these assumptions the following theorem is proved in |56j . 

Theorem 2.9 Assume is smoothly directed. Then there exists r > and 
r such that 

sup |a;(x, t)|<r sup |u;(a;,to)| 

Br{Wt) Sp(mo) 

holds for any <to < T and < t — to < t. 

They also introduced the notion of regularly directed set, closely related 
to the geometric structure of the kernel defining vortex stretching term. 

Definition 2.2 We sat that a set Wq is regularly directed if there exists p > 
such that 

r 

sup / Kp{X {a, t)) dt < oo 

aW* Jo 

where 

J\y\<p \y\ 

and 

D{y, ^{x + y),^{x)) = {y ■ ^{x))Det{y, ^{x + y),^{x)). 

Under the above assumption on the regularly directed sets the following is 
proved also in [56] . 

Theorem 2.10 Assume Wq is regularly directed. Then there exists a con- 
stant r such that 

sup \uj{X{a,t),t)\ < r sup |ci;o(a)| 

aGWo aeWo 

holds for allte [0,T]. 

The original studies by Constantin and Fefferman in [55] about the Navier- 
Stokes equations, which motivated the above theorems, are concerned mainly 
about the regularity of solutions in terms of the vorticity direction fields ^. 
We recall, on the other hand, that the BKM type of criterion controls the 
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magnitude of vorticity to obtain regularity. Incorporation of both the direc- 
tion and the magnitude of vorticity to obtain regularity for the 3D Navier- 
Stokes equations was first initiated by Beirao da Veiga and Berselli in [6], 
and developed further by Beirao da Veiga in [5], and finally refined in an 
'optimal' form in [35] (see also [39] for a localized version). We now present 
the Euler equation version of the result in ||35j . 

Below we use the notion of particle trajectory X{a,t), which is defined 
by the classical solution v{x,t) of (E). Let us denote 

Qq = {x eM.^\uJo{x) y^O}, Qt = X{Qo,t). 

We note that the direction field of the vorticity, C,{x,t) = uj{x,t)/\uj{x,t)\, 
is well-defined if x G fit for Vq G C^(M^) with Qq ^ 0. The following is the 
main theorem proved in [25j. 

Theorem 2.11 Let v{x,t) be the local classical solution to {E) with ini- 
tial data Vq G if™(M^), m > 5/2, and u{x,t) =curl v{x,t). We assume 
fio 7^ 0- Then, the solution can be continued up to T + 6 as the classical 
solution, namely v(t) G C([0, T + 6]; H"^{M.^)) for some 6 > 0, if there exists 
V) v' 1 <?; 1 -s, ''"i, ■'^2, ''"3 satisfying the following conditions. 



and 



with 



1 p' 
— + — 

Ti r2 



< s < 1, 



1 1 

- + - 

p p 



1 _ £1 

3 



1 

+ — 



1 1 

- + - 
q q' 



p 



1 _ £1 
3 



1 < — < p < oo, 
sq' 



1 < g < oo, 



and 

ri G [1, oo], r2 G 



p 



1 _ ^ 
3 



oo 



rs G 



1 — p 



1 _ £1 
3 



oo 



(2.10) 

(2.11) 
(2.12) 

(2.13) 



such that for direction field C,{x,t), and the magnitude of vorticity \uj{x,t)\ 
the followings hold; 



wmri 



,dt < oo, 



and 



|cj(t)H7 ,dt 



\UJ 



(2.14) 



(2.15) 
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In order to get insight implied by the above theorem let us consider the 
special case of p = oo,g = 1. In this case the conditions fl2.14l) - fl2.15l) are 
satisfied if 

ax,t)EL^^{0,T;C'{R')), (2.16) 

Lj{x,t) e L"2(0,T;L°°(R3)) nL"3(0,T;L°°(M^)). (2.17) 

with 

1 1 / s\ s , , 

- + - 1-- + — = 1. 2.18 

ri r2 V 6/ or 3 

Let us formally pass s — in (12.161) and (12.181) . and choose ri = oo and 
f2 = f's = ^, then we find that the conditions (I2.16I) - (I2.17I) reduce to the BKM 
condition, since the condition ^(x,t) G L°^{0,T; C°{M.^)) ^ L°°((0,r) x R^) 
is obviously satisfied due to the fact that |,^(a;,t)| = 1. 
The other case of interest is g' = 3/s, where (I2.14I) - (I2.15I) are satisfied if 



e(x,t) GL'^HO,T; j-^^(M3)), \coix,t)\ E U''{0,T; L- (R^)). (2.19) 

' 3— s 



with l/ri + l/r2 = 1. The condition (12. 19^ shows explicitly the mutual com- 
pensation between the regularity of the direction field and the integrability of 
the vorticity magnitude in order to control regularity /singularity of solutions 
of the Euler equations. 

Next we review the result of non-blow-up conditions due to Deng, Hou and 
Yu[7Tl|72]. We consider a time t and a vortex line segment Lf such that the 
maximum of vorticity over the whole domain is comparable to the maximum 
of vorticity on over Lt, namely 

il{t) := sup \uj{x, t)\ ~ max \uj{x, t)\. 

xeLt 



We denote L{t) := arc length of Lf, C,, n and k are the unit tangential and 
the unit normal vectors to Lt and the curvature of Lt respectively. We also 
use the notations, 





:= max \{v 


.^)(x,t)-{vO{y,t)\ 


Unit) 


: = max (v ■ 

xeLt 


n)(x,t)|. 


M{t) 


:= max (V 

xeLt 




m 


:= maxK(x, 

x£Lt 


t). 
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We denote by X{A, s,t) the image by the trajectory map at time t > s of 
fluid particles at A at time s. Then, the following is proved in [72] . 

Theorem 2.12 Assume that there is a family of vortex line segment Lf and 
To e [0,T*), such that X{Lt^,ti,t2) ^ Lt^ for all Tq < ti < < T* . Also 
assume that Q(t) is monotonically increasing and max^^^^ \u{x,t)\ > Cofl(t) 
for some cq when t is sufficiently close to T* . Furthermore, we assume there 
are constants Cu, Co, cl such that 

1. \U^{t) + Un{t)K{t)L{t)\ < Cu{T* - t)-^ for some constant A E (0, 1), 

2. M it) Lit), Kit) Lit) < Cq, 

3. L{t) > Cl{T* - t)^ for some constant B E (0, 1). 

Then there will be no blow-up in the 3D incompressible Euler flow up to time 
T*, as long as B < I - A. 

In the endpoint case oi B = 1 — A they deduced the following theorem ([71]). 

Theorem 2.13 Under the same assumption as in Theorem 2.10, there will 
be no blow-up in the Euler system up to time T* in the case B = 1 ~ A, as 
long as the following condition is satisfied: 

R^K < yi - A)^-^/{2 - A)^-^) , 

where R = e^'^ /cq,K := , and yi{m) denotes the smallest positive y 

such that m = y/il + y)^"^. 

We refer [Til [72] for discussions on the various connections of Theorem 2.10 
and Theorem 2.11 with numerical computations. 

3 Blow-up scenarios 
3.1 Vortex sheet collapse 

We recall that a vortex line is an integral curve of the vorticity, and a vortex 
tube is a tubular neighborhood in foliated by vortex lines. Numerical sim- 
ulations(see e.g. |46j) show that vortex tubes grow and thinner (stretching), 
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and folds before singularity happens. We review here the result by Cordoba 
and Fefferman[5B] excluding a type of vortex tube collapse. 

Let Q = /i X /2 X /s C be a closed rectangular box, and let T > be 
given. A regular tube is a relatively open set Qt ^ Q parameterized by time 
t G [0,T), having the form Qt = {{xi,X2,X3) G Q : 9{xi,X2,X3,t) < 0} with 
9 G C^{Q X [0,T)), and satisfying the following properties: 

\'^x^,x2^\ 7^ Ofor (xi,X2,X3,t) eQ X [0,T),9{xi,X2,Xs,t) = 0; 

Qtixs) := {{xi,X2) e hx I2 : {xi,X2,X3) G J is non-empty, 
for all X3 G /3,t G [0,r); 



for all X3 el3,te [0,T). 

Let u{x,t) = {ui{x,t),U2{x,t),U3{x,t)) be a velocity field defined on 
Q X [0,T). We say that the regular tube fit moves with the velocity field u, 
if we have 



By the Helmholtz theorem we know that a vortex tube arising from a 3D 
Euler solution moves with the fluid velocity. The following theorem proved 
by Cordoba and Fefferman([66j) says for the 3D Euler equations that a vortex 
tube cannot reach zero thickness in finite time, unless it bends and twists so 
violently that no part of it forms a regular tube. 

Theorem 3.1 Let Qt C Q(t G [0,T)) be a regular tube that moves with , 
divergence free velocity field u{x, t). 



3.2 Squirt singularity 

The theorem of excluding the regular vortex tube collapse was generalized 
by Cordoba, Fefferman and de la Lave([70j), which we review here. We first 
recall their definition of squirt singularities. Let Q C M" be an open set. 
We denote Xt{a) = X{a,t), which is a particle trajectory generated by a 



closure(n((x3)) C interior(/i x I2) 




+ u-V^] 9 = whenever (x, t) e Q x [0, T), 9{x, t) = 0. 




then lim inf VoliQA > 0. 
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vector field u : Q x [0, T) — > such that div u — 0. We also set ,,(a) as 
the position at time t of the trajectory which at time t — s is a. We have 
obvious relations, 

Xt{a) — Xt^o{a), Xf^s — XfO X^^, Xt^g o Xg^si — Xf^si- 

For 5 C Q, we denote by 

X^^S = {x en\x^ Xt{a), aeS, Xs{a) eQ, <s <t}. 

In other words, X^^S is the evolution of the set «S, starting at time a, after 
we eliminate the trajectories which step out of Q at some time. By the 
incompressibility condition on u, we have that Vol{Xt^gS) is independent of 
t, and the function t h- >Vol(Xt_s5) is nonincreasing. 

Definition 3.1 Let be open and bounded sets. Q_ C fl^. Therefore, 

dist {Q.^.,W' — n+) > r > 0. We say that u experiences a squirt singularity 
in Vt_, at time T > 0, when for every < s < T , we can find a set Sg C fl+ 
such that 

(i) 5s n r2_ has positive measure, < s < T, 

(ii) \imt_,Tyo\{X^gSg)^0. 

The physical intuition behind the above definition is that there is a region of 
positive volume so that all the fluid occupying it gets ejected from a shghtly 
bigger region in finite time. Besides the vortex tube collapse singularity intro- 
duced in the previous subsection the potato chip singularity and the saddle 
collapse singularity, which will be defined below, are also special examples of 
the squirt singularity, connected with real fiuid mechanics phenomena. 

Definition 3.2 (potato chip singularity) We say that u experiences a 
potato chip singularity when we can find continuous functions 

/± : X [0, T) ^ R 

such that 

f+{xi, ■ ■ ■ ,Xn-l,t) > f-{Xi, ■ ■ ■ ,,T„_i,t), t e [0,T],Xi, ■ ■ ■ ,Xn-l G 52^(113;°), 
f+{Xi, ■ ■ ■ ,Xn-l,0) > /-(Xi, ■ • ■ ,X„_i,0), • • ■ ,Xn-l e Br(nx°), 

lim [f+{xi, ■ ■ ■ ,Xn-l,t) - f-{xi, ■ ■ ■ ,Xn-l,t)] = OVXi, ■ ■ ■ ,Xn-l G B2r{n.X°) 
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and such that the surfaces 

S±,t = {Xn = f±{Xi, ■ ■ ■ ,Xn-l,t)} C Q 

are transformed into each other by the flow 

X(S±,o,t)3S±,,. 

In the above U is projection on the first n — 1 coordinates. 

Previously to [70] potato chip singularities were considered in the 2D and 3D 
flows by Cordoba and Fefferman(|69j . [67] respectively) in the name of 'sharp 
front'. In particular the exclusion of sharp front in the 2D quasi-geostrophic 
equation is proved in [OH]- The following notion of saddle collapse singularity 
is relevant only for 2D flows. 

Definition 3.3 (saddle collapse singularity) We consider foliation of a 
neighborhood of the origin(with coordinates Xi,X2) whose leaves are given by 
equations of the form 

P ■= iyiPif) + y2) ■ ijJiSit) + y2) = cons 

and {yi,y2) = Ft{xi,X2), where (3,6 : [0,T) M+ are foliations, F 
is a function of x, t, for a fixed t, and Ft is an orientation preserving 
difjeomorphism. We say that the foliation experiences a saddle collapse when 

lim mf /5(t) + 5(t) = 0. 

// the leaves of the foliation are transported by a vector field u, we say that 
the vector field u experiences a saddle collapse. 

The exclusion of saddle point singularity in the 2D quasi-geostrophic equa- 
tion(see Section 4.3 below) was proved by Cordoba in [65]. The following 
'unified' theorem is proved in [70] . 

Theorem 3.2 If u has a squirt singularity at T, then J"^sup^ \u{x,t)\dt = 
oo for all s G (0,T). Moreover, if u has a potato chip singularity, then 

I sup |n-u(x, t)|(it = oo. 

J s X 
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3.3 Self-similar blow-up 

In this subsection we review the scenario of self-similar singularity studied 
in [32]. We first observe that the Euler system (E) has scaling property that 
if {v,p) is a solution of the system (E), then for any A > and a G M the 
functions 



are also solutions of (E) with the initial data fg'"(x) = A°fo(Ax). In view of 
the scaling properties in (13.11) . the self-similar blowing up solution v{x,t) of 
(E), if it exists, should be of the form, 



for a ^ —1 and t sufficiently close to T^,. If we assume that initial vorticity 
ujq has compact support, then the nonexistence of self-similar blow-up of 
the form given by (13.21) is rather immediate from the well-known formula, 
Lj{X{a,t),t) = \/aX{a,t)ujQ{a). We want to generalize this to a nontrivial 
case. Substituting (13.21) into (E), we find that V should be a solution of the 
system 



for some scalar function P, which could be regarded as the Euler version 
of the Leray equations introduced in [llOj. The question of existence of 
nontrivial solution to (SE) is equivalent to the that of existence of non- 
trivial self-similar finite time blowing up solution to the Euler system of 
the form (13.21) . Similar question for the 3D Navier-Stokes equations was 
raised by Leray in |110j . and answered negatively by Necas, Ruzicka and 
Sverak([122j), the result of which was refined later by Tsai in jl46 j(see also 
|119j for a generalization). Combining the energy conservation with a sim- 
ple scaling argument, the author of this article showed that if there exists a 
nontrivial self-similar finite time blowing up solution, then its helicity should 
be zero ([18]). Mainly due to lack of the laplacian term in the right hand 
side of the first equations of (SE), we cannot expect the maximum principle. 



v^'°{x, t) = X'^viXx, A"+4), p^'°(a;, t) = A^XAa;, A"+4) 



(3.1) 




(3.2) 
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which was crucial in the works in [122j and |146j for the 3D Navier-Stokes 
equations. Using a completely different argument from those previous ones, 
in [32j it is proved that there cannot be self-similar blowing up solution to (E) 
of the form (13.21) . if the vorticity decays sufficiently fast near infinity. Given a 
smooth velocity field v{x, t), the particle trajectory mapping a i— >• X{a, t) The 
inverse A{x,t) := X~^{x,t) is called the back to label map, which satisfies 
A{X{a,t),t) = a, and X{A{x,t),t) = x. The existence of the back-to-label 
map A{-,t) for our smooth velocity v{x,t) for t G (0,T*), is guaranteed if 
we assume a uniform decay of v{x,t) near infinity, independent of the decay 
rate (see [51]). The following is proved in [32] . 

Theorem 3.3 There exists no finite time blowing up self-similar solution 
v{x, t) to the 3D Euler equations of the form liS. ^) fort G (0, T^:) with a ^ —1, 
if V and V satisfy the following conditions: 

(i) For all t G (0,T=|,) the particle trajectory mapping X{-,t) generated by 
the classical solution v G C([0, T^,); C"'^(M^; M^)) is a diffeomorphism 
from onto itself. 

(a) The vorticity satisfies Q =curl V ^ 0, and there exists pi > such that 
n G LP{R^) for allpe (Q^Pi). 

We note that the condition (ii) is satisfied, for example, if G L;^q^(M^) and 
there exist constants R, K and ei,€2 > such that |^^(x)| < ife~^^'^'^^ for 
|x| > R, then we have Q G Lp(R^;R^) for all p G (0,1). Indeed, for all 
p G (0, 1), we have 



where is the volume of the ball Bn of radius R. 

In the zero vorticity case fl = 0, from div V = and curl \^ = 0, we have 
V = V/i, where h{x) is a harmonic function in M^. Hence, we have an easy 
example of self-similar blow-up. 
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in R^, which is also the case for the 3D Navier-Stokes with a = 1. We do 
not consider this case in the theorem. 

The above theorem is actually a corollary of the following more general 
theorem. 

Theorem 3.4 Letv e C([0, T); M^)) be a classical solution to the 3D 

Euler equations generating the particle trajectory mapping X{-,t) which is a 
diffeomorphism from onto itself for all t G (0,T). Suppose we have 
representation of the vorticity of the solution, by 

uj{x,t) = ^{t)n{<!>{t)x) VtG[0,T) (3.3) 

where G C([0, T); (0, oo)), $(■) G C([0, T); R^x^) with det($(t)) ^ on 
[0,T); Q = curl V for some V, and there exists pi > such that \Q\ belongs 
to LP(R^) for all p G iO,Pi)- Then, necessarily either det($(t)) = det($(0)) 
on [0,T), orn = 0. 

For the detailed proof of Theorem 3.3 and 3.4 we refer [32] . 
3.4 Asymptotic self-similar blow-up 

In this subsection we consider the possibility of more refined scenario of self- 
similar singularity than in the previous subsection, called the asymptotic self- 
similar singularity. This means that the local in time smooth solution evolves 
into a self-similar profile as the possible singularity time is approached. The 
similar notion was considered previously by Giga and Kohn in their study 
of semilinear heat equation([HH])- Their sense of convergence of solution to 
the self-similar profile is the pointwise sense with a time difference weight 
to make it scaling invariant, and cannot apply directly to the case of Euler 
system. It is found in [33j that if we make the sense of convergence strong 
enough, then we can apply the notion of asymptotic self-similar singularity to 
the Euler and the Navier-Stokes equations. The following theorem is proved 
in [53]. 

Theorem 3.5 Let v G C{[0,T);B^-^ (R^)) be a classical solution to the 3D 
Euler equations. Suppose there exist pi > 0, a > —1, V G C^(R^) with 
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liniR^oo sup|^l^j:j |V^(x)| = such that Q =curlV G L^(R^) for all q G (0,pi), 
and the following convergence holds true: 



and 



lim(T-t)^ 

t/T 



sup (T — t) 

te(o,T) 



1 



-V 



(T-t) 



1 



T-t \(T-t)^ 



< OO. 



-°oo,l 



Then, Q = 0, and v{x, t) can he extended to a solution of the 3D Euler system 
m [0, T + 5] X M?, and belongs to C([0, T + 5]; (M^)) for some 5 > 0. 

We note that the above theorem still does not exclude the possibility that 
the sense of vorticity convergence to the asymptotically self-similar singular- 
ity is weaker than sense. Namely, a self-similar vorticity profile could be 
approached from a local classical solution in the pointwise sense in space, or 
in the Lp(R^) sense for some p with 1 < p < oo. In [33] we also proved nonex- 
istence of asymptotic self-similar solution to the 3D Navier-Stokes equations 
with appropriate change of functional setting(see also [93j for related results). 



The proof of the above theorem follows without difficulty from the following 
blow-up rate estimate(j33j). which is interesting in itself. 

Theorem 3.6 Let p G [l,oo) and v G C([0, T); ^^^i {M?)) he a classical 
solution to the 3D Euler equations. There exists an absolute constant rj > 
such that if 

inf {T-t)\\uj{t)\\^o <v, (3.4) 

0<t<T '"^oo,i ^ ' 

then v{x,t) can he extended to a solution of the 3D Euler system in [0,T + 
6] X and belongs to C([0,T + 6]; B^~^\r^)) for some 6>0. 

3+1 

We note that the proof of the local existence for vq G -Bp i (M^) is done in 
[m [20] (see also [147] ). The above theorem implies that if T^, is the first time 
of singularity, then we have the lower estimate of the blow-up rate, 

ll^Wlli^Sca^^^ WG[0,T,) (3.5) 
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for an absolute constant C. The estimate fl3.5p was actually derived previ- 
ously by a different argument in [IB]. We observe that fl3.5p is consistent 
with both of the BKM criterion(P]) and the Kerr's numerical calculation in 
|101j respectively. 

-+i 

The above continuation principle for a local solutions in B^-^ (M^) has 
obvious applications to the solutions belonging to more conventional function 
spaces, due to the embeddings, 

for m > 5/2 and 7 = m — 5/2. For example the local solution v G 
C([0,T);if'^(M3)) can be continued to be G C([0, T + 5]; //'"(M^)) for some 
6, if (15. 4p is satisfied. Regarding other implication of the above theorem on 
the self-similar blowing up solution to the 3D Euler equations, we have the 
following corollary(see [33J for the proof). 

3+1 

Corollary 3.1 Let v G C([0, T^);B^.^ (R^)) be a classical solution to the 3D 
Euler equations. There exists rj > such that if we have representation for 
the velocity by h3.2t) . and Q=curl V satisfies 11^211 < rj, then Cl = 0, and 

co,l 

v{x, t) can be extended to a solution of the 3D Euler system in [0, + x M.^, 

3,1 

and belongs to C([0, T, + 6];B^-^ (M^)) for some 5 >0. 

4 Model problems 

Since the blow-up problem of the 3D Euler equations looks beyond the ca- 
pability of current analysis, people proposed simplified model equations to 
get insight on the original problem. In this section we review some of them. 
Besides those results presented in the following subsections there are also 
studies on the other model problems. In [73] Dinaburg, Posvyanskii and 
Sinai analyzed a quasi-linear approximation of the infinite system of ODE 
arising when we write the Euler equation in a Fourier mode. Fridlander and 
Pavlovic([80]) considered a vector model, and Katz and Pavlovic(|100j) stud- 
ied dyadic model, both of which are resulted from the representation of the 
Euler equations in the wave number space. Okamoto and Ohkitani proposed 
model equations in [126j . and a 'dual' system to the Euler equations was 
considered in |21j . 
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4.1 Distortions of the Euler equations 



Taking trace of the matrix equation (11. Ill ) for V, we obtain Ap = —trV"^, 
and hence the hessian of the pressure is given by 

P^- = -didj{A)-HrV^ = -R,RjtrV\ 

where Rj denotes the Riesz transform(see Section 1). Hence we can rewrite 
the Euler equations as 

^ = -V'- R[trV% R[-] = [R^RA-]) (4.1) 
In [17] Constantin studied a distorted version of the above system, 

— = -V'-R[trV% R[.] = {R,RA-]), (4.2) 

where the convection term of the original Euler equations is deleted, and 
showed that a solution indeed blows up in finite time. Note that the incom- 
pressibility condition, trV^ = 0, is respected in the system (14.21) . Thus we 
find that the convection term should have significant role in the study of the 
blow-up problem of the original Euler equations. 

On the other hand, in [113] Liu and Tadmor studied another distorted version 
of (14. ip . called the restricted Euler equations, 

(4.3, 

We observe that in (14. 3p the convection term is kept, but the non-local oper- 
ator RiRj{-) is changed into a local one —l/n6ij, where the numerical factor 
—1/n is to keep the incompressibility condition. Analyzing the dynamics 
of eigenvalues of the matrix V, they showed that the system (14.31) actually 
blows up in finite time ([113]). 



4.2 The Constantin-Lax-Majda equation 

In 1985 Constantin, Lax and Majda constructed a one dimensional model 
of the vorticity formulation of the 3D Euler equations, which preserves the 
feature of nonlocality in vortex stretching term. Remarkably enough this 
model equation has an explicit solution for general initial data([58]). In this 
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subsection we briefly review their result. We first observe from section 1 that 
vorticity formulation of the Euler equations is ^ = Su, where S = V{ui) 
defines a singular integral operator of the Calderon-Zygmund type on uj. Let 
us replace uj{x,t) =^ 6{x,t), =^ ^, 'P{-) ^ H{-), where 6{x,t) is a scalar 
function on R x M_|_, and H[-) is the Hilbert transform defined by 



Hf{x) = -p.v. [ I^dy. 



Then we obtain, the following ID scalar equation from the 3D Euler equation, 

an 

(CLM) : — = OHO. 

This model preserve the feature of nonlocality of the Euler system (E), in 
contrast to the more traditional one dimensional model, the inviscid Burgers 
equation. We recall the identities for the Hilbert transform: 

H{Hf) = -f, HifHg + gHf) = {Hf)iHg)-fg, (4.4) 

which imply H{9H9) = ^[{HOy — 6'^]. Applying H on both sides of the first 
equation of (CLM), and using the formula (14. 4p . we obtain 

{CLMy:{Hd), + ^{{Hef-{e)') = o. 

We introduce the complex valued function, 

z{x,t) = He{x,t) + ie{x,t). 

Then, (CLM) and (CLM)* are the imaginary and the real parts of the com- 
plex Riccati equation, 

zt{x,t) = -z^{x,t) 
The explicit solution to the complex equation is 

1 - \tZQ{x) 

Taking the imaginary part, we obtain 



e{x,t) 



{2-tH9oix)y + t^9^{x)' 
34 



The finite time blow-up occurs if and only if 

Z = {x\eo{x) =OandHeo{x) > 0} ^ 0. 

In 1 134] Schochet find that even if we add viscosity term to (CLM) there is 
a finite time blow-up. See also [1311 1132j for the studies of other variations 
of (CLM). 

4.3 The 2D quasi-geostrophic equation and its ID model 

The 2D quasi-geostrophic equation(QG) models the dynamics of the mixture 
of cold and hot air and the fronts between them. 

(Ot + iu- v)e = 0, 
[e{x,o) = eo{x), 

where V"*" = {—d2,di). Here, 6{x,t) represents the temperature of the air at 
{x,t) G X M+. Besides its direct physical significance (QG) has another 
important feature that it has very similar structure to the 3D Euler equations. 
Indeed, taking V"*" to (QG), we obtain 

(^^^■^) = (v^^ • V)w, 

where 

F - y\ 

This is exactly the vorticity formulation of 3D Euler equation if we identify 

After first observation and pioneering analysis of these feature by Constantin, 
Majda and Tabak([59]) there have been so many research papers devoted 
to the study of this equation(also the equation with the viscosity term, 

-(-A)"^, a > 0, added)([lHl EniEolEIlESlElEaiMlEgllTolE^ EM 

flsbl \Tk[ [ig [251 [261 1121 [M [lO]). We briefly review some of them 

here concentrating on the inviscid equation (QG). 
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The local existence can be proved easily by standard method. The BKM 
type of blow-up criterion proved by Constantin, Majda and Tabak in [SH] is 

lim sup ||6'(t)||i^s = 00 if and only if / || V"'"6'(s) ||i^oo(is = 00. (4.5) 

t/T, Jo 

This criterion has been refined, using the Triebel-Lizorkin spaces [16]. The 
question of finite time singularity/global regularity is still open. Similarly 
to the Euler equations case we also have the following geometric type of 
condition for the regularity. We define the direction field ^ = V"*"^/] V"*"^! 
whenever \'V'^9{x,t)\ 7^ 0. 

Definition 4.1 We say that a set Qq is smoothly directed if there exists p > 
such that 

sup / \v{X{q,t),t)\'^dt < infty, 
(jerJo Jo 

sup [ \\V^{-,t)\\l^^B^(^x{g,t)))dt < 00, 

qen^ Jo 

where Bp{X) is the ball of radius p centered at X and 

Ql = {qeQo; |V^o(g)| 7^ 0}. 

We denote Ot{^o) = {{x,t) \ x G X{no,t),0 <t<T}. Then, the following 
theorem is proved ([59]). 

Theorem 4.1 Assume that Qq is smoothly directed. Then 

sup \V9{x, t)\ < 00, 

and no singularity occurs in Dt{^o)- 

Next we present an 'interpolated' result between the criterion (14.51) and 
Theorem 4.1, obtained in Let us denote bellow, 

Do = {xeR^\ \V^eo{x)\ ^ 0}, A = X{D^,t). 

The following theorem(|i25j) could be also considered as the (QG) version of 
Theorem 2.9. 



36 



Theorem 4.2 Let 6{x,t) be the local classical solution to (QG) with initial 
data Oo G H'^iR^), m > 3/2, for which Dq ^ 0. Let ^(x, t) = WH{x, t)/| V^^(x, 
he the direction field defined for x & Dt. Then, the solution can be contin- 
ued up to T < CO as the classical solution, namely 6{t) G C([0, T]; if'"(R^)), 
if there exist parameters p,p', q, q', s, ri, r2, satisfying the following condi- 
tions, 

11 11 
- + - = 1, - + - = 1, 

p p' q q 



and 



with 



ri r2 



sq' 
T 



+ 



1 



1-P 1- 



0<s<l, 1< — <p<oo, 
sq' 



and 

ri e [l,oo], r2 e 



P'(l-f l.oo 



sq 



1 < g < oo, 



such that the followings hold: 



(4.6) 
(4.7) 
(4.8) 

(4.9) 



(4.10) 



and 



(4.11) 



In order to compare this theorem with the Constantin-Majda-Tabak cri- 
terion (14.51) . let us consider the case of p = oo,q = 1. In this case the 
conditions (14.10p -( l4?TTI) are satisfied if 



ax,t)er^iO,T;C'iR')) 



(4.12) 



\V^9{x,t)\ G L"^(0,T;L°°(M2)) nr'^(0,T;L~(M2)). (4.13) 



with 



ri r2 V 2 



s 

2^3 



1. 
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If we formally passing s ^ 0, and choosing Vi = oo,r2 = = 1, we find 
tliat tlie conditions fl4.12p - fl4.13p are satisfied if tlie Constantin-Majda-Tabak 
condition in (14.51) holds, since the condition 



is automatically satisfied. The other is the case q' = 2/s, where fl4.10p - fl4.lip 
are satisfied if 



e(x,t) GL^HO,T; j-^^(R2)), \V^9{x,t)\ E r%0,T- {R')) (4.14) 

' 2 — s 



with 1/ri + l/r2 = 1, which shows mutual compensation of the regularity of 
the direction field ^ (x, t) and the integrability of the magnitude of gradient 
|V"'"^(2;, t)| to obtain smoothness of 6{x,t). 

There had been a conjectured scenario of singularity in (QG) in the form 
of hyperbolic saddle collapse of level curves of 9{x,t){see Definition 3.3). 
This was excluded by Cordoba in 1998([65j, see also Section 3.2 of this ar- 
ticle). Another scenario of singularity, the sharp front singularity, which is 
a two dimensional version of potato chip singularity (see Definition 3.2 with 
n = 2) was excluded by Cordoba and Fefferman in [69] under the assumption 
of suitable velocity control(see Section 3.2). 

We can also consider the possibility of self-similar singularity for (QG). We 
first note that (QG) has the scaling property that if 6* is a solution of the 
system, then for any A > and a G M the functions 



are also solutions of (QG) with the initial data 6'q'"(x) = X^Oq^Xx). Hence, 
the self-similar blowing up solution should be of the form. 



for t sufficiently close and a ^ —1. The following theorem is proved in 
El- 
Theorem 4.3 Let V generates a particle trajectory, which is a diffeomor- 
phism from onto itself for all t G (0,T*). There exists no nontrivial solu- 



tion 9 to the system (QG) of the form ( [^.i6p , if there exists pi,p2 G (0, oo], 
pi < p2, such that e G ^^^(M^) n Lp^{R?). 



^(x, t) G L°°(0, T; C°(M2)) ^ L°^((0, T) x M^) 



\\,a 



{x,t) = A"^(Ax,A°+H) 



(4.15) 




(4.16) 
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We note that the integrabihty condition on the self-similar representation 
function G in the above theorem is 'milder' than the case of the exclusion 
of self-similar Euler equations in Theorem 3.3, in the sense that the decay 
condition is of B (not V^O) near infinity is weaker than that of fl =curl V. 

In the remained part of this subsection we discuss a ID model of the 2D 
quasi-geostrophic equation studied in [SB] (see |121j for related results). The 
construction of the one dimensional model can be done similarly to the 
Constantin-Lax-Majda equation introduced in section 4.2. We first note that 

V = -R^e = (-i?2^,^i^), 

where Rj, j = 1,2, is the two dimensional Riesz transform(see Section 1). 
We can rewrite the dynamical equation of (QG) as 

Ot + div [iR^e)e] = 0, 

since div(R-'"6') = 0. To construct the one dimensional model we replace: 

R^{-)^H{-), div(-)^9, 

to obtain 

Ot + {H{e)ey, = o. 

Defining the complex valued function z{x, t) = H9{x, t) + i9{x, t), and follow- 
ing Constantin-Lax-Majda([58]), we find that our equation is the imaginary 
part of 

zt + zz^ = 0, 

which is complex Burgers' equation. The characteristics method does not 
work here. Even in that case we can show that the finite time blow-up 
occurs for the generic initial data as follows. 

Theorem 4.4 Given a periodic non-constant initial data 6q G C^([— tt, tt]) 
such that 9o{x)dx = 0, there is no C^([— vr, vr] x [0, oo)) periodic solution 
to the model equation. 

For the proof we refer [36] . Here we give a brief outline of the construction of 
an explicit blowing up solution. We begin with the complex Burgers equation: 

Zt + zzx = 0, z = u + i9 
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with u{x, t) = H6{x, t). Expanding it to real and imaginary parts, we obtain 
the system: 

Ut + UUx — OOx = 0, 
Ot + uOx + = 

In order to perform the hodograph transform we consider x{u, 9) and t{u^ 9) 
We have, 



Ut 



Jte , 9x — —Jtu , 
-Jx0 , 9t = Jxu 



where J = {xute — xetu) ^- By direct substitution we obtain, 

-xe + ute + 9tu = ^ -I 
Xu — utu + 6'te = 

as far as J^^ ^ 0. This system can be written more compactly in the form: 

-{x - tu)e + {t9)u = 0, 
{x - tu)u + {t9)e = 0, 

which leads to the following Cauchy-Riemann system, 

= Ve, = -r]u, 

where we set ri{u, 9) := x{u,9) — t{u, 9)u, ^ {u, 9) := t{u, 9)9. Hence, f{z) = 
C{u,9) + iT]{u,9) with z = u + i9 is an analytic function. Choosing f{z) = 
log z, we find. 



9 



t9 = log y/u"^ + 6*^, X — tu = arctan — 



u 



(4.17) 



which corresponds to the initial data,z(a;, 0) = cosx + isinx. The relation 
fl4.17p defines implicitly the real and imaginary parts {u{x,t),9{x,t)) of the 
solution. Removing 9 from the system, we obtain 



tu tan(x — tu) = log 



u 



cos(x — tu) 



which defines u{x,t) implicitly. By elementary computations we find both 
Ux and 9x blow up at t = e~^. 
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4.4 The 2D Boussinesq system and Moffat's problem 

The 2D Boussineq system for the incompressible fluid flows in is 

dv 

— + {vV)v = -Vp + uAv + 662, 
do 

div = 0, 

^v{x,Q) = vq{x), 9{x,0) = 9o{x), 

where v = {vi,V2), Vj = Vj{x,t),j = 1,2, {x,t) G x (0,oo), is the velocity 
vector field, p = p{x, t) is the scalar pressure, 9{x, t) is the scalar temperature, 
p > is the viscosity, and k > is the thermal diffusivity, and 62 = (0, 1). 
The Boussinesq system has important roles in the atmospheric sciences(see 
e.g. |117j ). The global in time regularity of (-B);/,^ with u > and k > 
is well-known (see e.g. [13]). On the other hand, the regularity /singularity 
questions of the fully inviscid case of (-B)o,o is an outstanding open problem in 
the mathematical fluid mechanics. It is well-known that inviscid 2D Boussi- 
nesq system has exactly same structure to the axisymmetric 3D Euler system 
Oj^the axis of symmetry (see e.g. |115] for this observation). This is why the 
inviscid 2D Boussinesq system can be considered as a model equation of the 
3D Euler system. The problem of the finite time blow-up for the fully inviscid 
Boussinesq system is an outstanding open problem. The BKM type of blow- 
up criterion, however, can be obtained without difficulty(see [381 SSI EH 1140] 
for various forms of blow-up criteria for the Boussinesq system)). We first 
consider the partially viscous cases, i.e. either the zero diffusivity case, k, = 
and z/ > 0, or the zero viscosity case, k > and u = 0. Even the regularity 
problem for partial viscosity cases has been open recently. Actually, in an 
article appeared in 2001, M. K. Moffatt raised a question of finite time singu- 
larity in the = 0, z/ > and its possible development in the limit k — >■ 
as one of the 21th century problems(see the Problem no. 3 in [120j ). For 
this problem Cordoba, Fefferman and De La LLave([7n]) proved that special 
type of singularities, called 'squirt singularities', is absent. In [27] the author 
considered the both of two partial viscosity cases, and prove the global in 
time regularity for both of the cases. Furthermore it is proved that as dif- 
fusivity(viscosity) goes to zero the solutions of {B)^,^ converge strongly to 
those of zero diffusivity (viscosity) equations |2 7]. In particular the Problem 
no. 3 in |120j is solved. More precise statements of these results are stated 
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in Theorem 1.1 and Theorem 1.2 below. 



Theorem 4.5 Let u > be fixed, and div vq = 0. Let m > 2 be an integer, 
and {vq,6q) G i/"*(M^). Then, there exists unique solution {v,6) with 9 G 



C([0,oo);i/™(M2)) andv G C oo) H'^iM?)) L'^iQ.T- H'^+^{m?)) of the 



system {B)i^q. Moreover, for each s < m, the solutions {v,6) of (B) 
converge to the corresponding solutions of{B)i^Q in C([0,T]; if*(M^)) as k 



We note that Hou and Li also obtained the existence part of the above 
theorem independently in [92] . The following theorem is concerned with zero 
viscosity problem with fixed positive diffusivity. 

Theorem 4.6 Let k, > be fixed, and div Vq = 0. Let m > 2 be an integer. 
Let m > 2 be an integer, and {vo,6o) G if™(M^). Then, there exists unique 
solutions {v,e) with v G C([0, oo); //^(M^)) and 6 G C([0, oo); iJ™(M2)) n 
L^(0, T; if"+^(M^)) of the system (-B)o,k- Moreover, for each s < m, the 
solutions (f , 9) of {B)^^^ converge to the corresponding solutions of (-B)o,k iiT' 
C{[0,T];H'{R'^)) asu^ 0. 

The proof of the above two theorems in [27J crucially uses the Brezis-Wainger 
inequality in [HI EB] . Below we consider the fully inviscid Boussinesq system, 
and show that there is no self-similar singularities under milder decay condi- 
tion near infinity than the case of 3D Euler system. The inviscid Boussinesq 
system (B)= (-B)o,o has scaling property that if {v,9,p) is a solution of the 
system (B), then for any A > and a G M the functions 



v^'^ix, t) = X^viXx, A"+H), ^'"(x, t) = A2°+i^(Ax, A"+4), (4.18) 



In view of the scaling properties in fl4.18p . the self-similar blowing-up solution 
{v{x,t),9{x,t)) of (B) should of the form, 



0. 



p^'"(a;,t) = A'XAa;,A"+4) 
are also solutions of (B) with the initial data 



(4.19) 



v^'''{x) = yvoiXx), ^o'"(a;) = A2"+^^o(Ax). 




(4.20) 



(4.21) 
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where a 7^ —1. We have the following nonexistence result of such type of 
solution (see [S2])- 

Theorem 4.7 Let v generates a particle trajectory, which is a diffeo- 
morphism from onto itself for all t G (0,T^,). There exists no nontrivial 
solution {v,9) of the system (B) of the form ^. 20^ - 1^. 21^ , if there exists 



m 



PuP2 e (0, 00], pi < p2, such that 9 G Lp^{R'^) f] LP^iR"^), and V e H 
m> 2. 

Recalling the fact that the system (B) has the similar form as the axisym- 
metric 3D Euler system, we can also deduce the nonexistence of self-similar 
blowing up solution to the axisymmetric 3D Euler equations of the fome fl3.2p . 
if G = rV^ satisfies the condition of Theorem 4.7, and curl V = Q E i/™(R'^), 
m > 5/2, where r = \/ x1 + x^, and is the angular component of V. Note 
that in this case we do not need to assume strong decay of Q as in Theorem 
3.3. See |32] for more details. 



4.5 Deformations of the Euler equations 

Let us consider the following system considered in [3] 



(Pi 



+ (m ■ V)m = -Vg + (1 + £)\\Vu{t)\\Lo.u, 

at 

div u = 0, 

u{x, 0) = uo{x), 

where u = {ui, ■ ■ ■ , Un), uj = Uj{x,t), j = 1, ■ ■ ■ , n,, is the unknown vector 
field q = q{x, t) is the scalar, and uq is the given initial vector field satisfying 
div Mo = 0. The constant e > is fixed. Below denote curl m = a; for 
'vorticity' associated the 'velocity' u. We first note that the system of (Pi) 
has the similar nonlocal structure to the Euler system (E), which is implicit in 
the pressure term combined with the divergence free condition. Moreover it 
has the same scaling properties as the original Euler system in {E). Namely, 
if m(x, t), q{x, t) is a pair of solutions to (Pi) with initial data Uq{x), then for 
any a G M 

M^(x, t) = X"u{Xx, A"+H), q^{x, t) = A2"g(Ax, A"+4) 

is also a pair of solutions to (Pi) with initial data Uq{x) = X°'uq{x). As will 
be seen below, we can have the local well-posedness in the Sobolev space. 
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if'"(R"),m > n/2 + 2, as well as the BKM type of blow-up criterion for (Pi), 
similarly to the Euler system (E). Furthermore, we can prove actual finite 
time blow-up for smooth initial data if cjq 7^ 0. This is rather surprising in the 
viewpoint that people working on the Euler system often have speculation 
that the divergence free condition might have the role of 'desingularization', 
and might make the singularity disappear. Obviously this is not the case 
for the system (Pi). Furthermore, there is a canonical functional relation 
between the solution of (Pi) and that of the Euler system (E); hence the word 
'deformation'. Using this relation we can translate the blow-up condition of 
the Euler system in terms of the solution of (Pi). The precise contents of the 
above results on (Pi) are stated in the following theorem. 

Theorem 4.8 Given Uq e if"*(M") with div Uq = 0, where m > ^ + 2, the 
following statements hold true for (Pi). 

(i) There exists a local in time unique solution u{t) G C([0,T] : if™(M")) 
with T = T(||-uo||_H-™)- 

(a) The solution u{x,t) blows-up at t = t*, namely 



where cu — curl u. Moreover, if the solution u{x, t) blows up at t*, then 
necessarily, 



for n — 2. 

'Hi) // ||cc;o||l°° 7^ 0, then there exists time < ^i, ""n ^ such that solution 



u{x,t) of {Pi) actually blows up att^. Moreover, at such t^ we have 





for n = 3, while 
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(iv) The functional relation between the solution u{x,t) of (Pi) and the 
solution v{x,t) of the Euler system (E) is given by 



where 



U{x,t) = (p'{t)v{x,Lp{t)), 



\Vu(s) 







/ exp 


(1 + ^) / 


Jo 


"'0 



3 (is 



dr. 



(The relation between the two initial datum is uo{x) = Xvo{x).) 
(v) The solution v{x, t) of the Euler system (E) blows up at T^ < oo if and 



only if for t^ := ip ^(T^) < 



1 



both of the followings hold true. 



and 



exp 



exp 



(2 + e) 



\Vu{s) 



\Vu(s) 



ds 



:.ds 



dr < oo, 



dr = oo. 



For the proof we refer |34j- In the above theorem the result (ii) combined 
with (v) shows indirectly that there is no finite time blow-up in 2D Euler 
equations, consistent with the well-known result. Following the argument on 
p. 542 of ^18j, the following fact can be verified without difficulty: 
We set 

(4.22) 



a{t)=exp\^J {1 + e)\\Vu{s)\\L^ds 
Then, the solution {u,q) of (Pi) is given by 

u{x,t) = a(t)U{x,t), q{x,t) = a(t)P{x,t), 
where {U, P) is a solution of the following system, 

dU 



+a(t)(f/-V)[/ = -VP, 

divU = 0, 
U{x, 0) = Uo{x) 



{aE) 



The system [aE) was studied in jTS], when a{t) is a prescribed function of t, 
in which case the proof of local existence of {aE) in [TH] is exactly same as 
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the case of (E). In the current case, however, we need an extra proof of local 
existence, as is done in the next section, since the function a{t) defined by 
fl4.22p depends on the solution u{x,t) itself. As an application of Theorem 
4.8 we can prove the following lower estimate of the possible blow-up time(see 
[31] for the detailed proof). 



Theorem 4.9 Let p G (1, oo) be fixed. Let v{t) be the local classical solution 
of the 3D Euler equations with initial data vq G m > 7/2. If is 

the first blow-up time, then 

T.-t> } , VtG(0,T,) (4.23) 

where Cq is the absolute constant in {Q2)- 

In [18] the following form of lower estimate for the blow-up rate is derived. 

T,-t> i , (4.24) 

~ Co\\uj{t)\\^oJ 

where Cq is another absolute constant (see also the remarks after Theo- 

3 

rem 3.6). Although there is (continuous) embedding relation, Bp^{E?) ^ 
i(IR^) for p G [1, cxD](see Section 1), it is difficult to compare the two es- 
timates (14.231) and (I4.24p and decide which one is sharper, since the precise 
evaluation of the optimal constants Co, Cq in those inequalities could be very 
difficult problem. 

Next, given £ > 0, we consider the following problem. 
du 

+ (m . V)m = -Vg - (1 + e)\\Vu{t)\\L^u, 

at 

div u = 0, 
u{x, 0) = uo{x), 

Although the system of (P2) has also the same nonlocal structure and the 
scaling properties as the Euler system and (-Pi), we have the result of the 
global regularity stated in the following theorem(see [34] for the proof). 
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Theorem 4.10 Given uq G H"^{R"-) with div Uq = 0, where m > f + 2, 
then the solution u{x,t) of {P2) belongs to C([0, 00) : iJ™'(]R")). Moreover, 
we have the following decay estimate for the vorticity, 

ik(t)iu^< , J""!;"^: , vtG[o,oo). 

i + e\\uJo\\L°°i^ 

We also note that solution of the system (P2) has also similar functional re- 
lation with that of the Euler system as given in (iv) of Theorem 5.8 as will 
be clear in the proof of Theorem 1.1 in the next section. 

Next, given e > 0, we consider the following perturbed systems of (E). 

du 



{Ef 



Q^+iu- V)u = -Vg ± e\\Vu\\lt'u, 



± \ divu = 0, 

0) = Uo{x). 

If we set e = in the above, then the system (E)^ becomes (E). For e > 
we have finite time blow-up for the system with certain initial data, 

while we have the global regularity for (-E)i with all solenoidal initial data 
in H"^{M.^), m > 5/2. More precisely we have the following theorem(see [21] 
for the proof). 

Theorem 4.11 (i) Given e > 0, suppose Uq = Uq & H"^{M.^) with div 
Uq = satisfies ||ci;o||l°° > i'^/^Y^^, then there exists such that the 
solution u{x,t) to {E)f blows up at T^, namely 

lim sup ll//"! = 00. 
tyn 

(a) Given e > and uq G H"^{M.^) with div uq = 0, there exists unique 
global in time classical solution u{t) G C([0, cx)); if'"(M^)) to {Ey_. 
Moreover, we have the global in time vorticity estimate for the solution 
of W 



- 7 



|t^(^)||L°° < niax { \\ijJo\\L°°, ( - 1 ) Vt > 0. 
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The following theorem relates the finite time blow- up/global regularity of the 
Euler system with those of the system (-E)^. 

Theorem 4.12 Given e > 0, letu'^_^ denote the solutions of {Ey_^ respectively 
with the same initial data Uq G H"^{M.^), m > 5/2. We define 



(fi%{t,Uo) :-- 







/ exp 




Jo 


"'0 



dr. 



(i) // <y9l(oo, Mo) = oo, then the solution of the Euler system with initial 
data Uq is regular globally in time. 

(a) Let be the first blow-up time for a solution of (£")+ with initial 
data Uq such that 



loodt = oo, 



where tul = curl Uj 



If '^+(t*,Uo) < oo, then the solution of the Euler system blows up at 
the finite time T* = y9^(t*,Mo). 



We refer [HIj for the proof of the above theorem. 



5 Dichotomy: singularity or global regular 
dynamics? 

In this section we review results in |2B] • Below S, P and ^ (x, t) are the 
deformation tensor , the Hessian of the pressure and the vorticity direction 
field, associated with the flow, v, respectively as introduced in section 1. Let 
{{^k, v'')}k=i be the eigenvalue and the normalized eigenvectors of S. We set 
A = (Ai, A2, A3), and 

\^\={jl^l^ ' Pk=v'-Pv'' for fc = 1,2,3. 
We also denote 

r]''{x,0) = r]Q{x), \k{x,0) = Xk,o{x), A(x, 0) = Ao(x), Pk{x,0) = pk,o{x) 
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for the quantities at t = 0. Let u!{x,t) ^ 0. At such point (x, t) we define 
the scalar fields 

At the points where u!{x,t) = we define a{x,t) = p{x,t) = 0. We de- 
note ao{x) = a{x,0), po{x) = p{x,0). Below we denote f{X{a,t),ty = 
^{X{a,t),t) for simplicity. 

Now, suppose that there is no blow-up of the solution on [0,T^,], and the 
inequahty 

a{X{a,t),t)\uj{X{a,t),t)\ > e\uj{X{a,t),t)\'^ (5.1) 

persists on [0, T^,]. We will see that this leads to a contradiction. Combining 
with ffCT) . we have 

\iu\' > e\ujf. 
Hence, by Gronwall's lemma, we obtain 

\uJo{a)\ 



\iu{X{a,t),t)\ > 



e\ujQ{a)\t' 



which implies that 

lim sup \u!{X{a, t),t) \ = oo. 
Thus we are lead to the following lemma. 

Lemma 5.1 Suppose ao{a) > 0, and there exists e > such that 

ao(a)ko(a)| > £:|t^o(«)P- (5.2) 

Let us set 

T, = (5.3) 

Then, either the vorticity blows up no later than T*, or there exists t G (0, T,,) 
such that 

a(X(a,t),t)|cj(X(a,t),t)| < e\uj{X{a,t),t)\^ . (5.4) 
From this lemma we can derive the following: 

Theorem 5.1 (vortex dynamics) Let Vq G H"^{Q), m > 5/2, be given. 
We define 

^ \u{X{a,t),t)\ 
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and 

Ei(t) = {aen\ a{X{a, t),t) > 0} 

associated with the classical solution v{x,t). Suppose a G Si(0) and ujQ{a) ^ 
0. Then one of the following holds true. 

(i) (finite time singularity) The solution of the Euler equations blows-up 
infinite time along the trajectory {X{a,t)}. 

(a) (regular dynamics) On of the following holds true: 

(a) (finite time extinction of a) There exists ti G (0, oo) such that 
a{X{a,ti),ti) = 0. 

(b) (long time beliavior of $1) There exists an infinite sequence 

with ti < t2 < ■ ■ ■ < tj < tj^i 00 as j ^ 00 such that for all 
j = 1,2, ■■■ we have $i(a,0) > <l>i(a,ti) > ■■■ > $i(a, tj) > 
<l>i(a, tj+i) > and $i(a,t) > <l>i(a, tj) > for all t E [0,tj]. 

As an illustration of proofs for the Theorem 5.2 and 5.3 below, we give outline 
of the proof of the above theorem. Let us first observe that the formula 



\uj{X{a, t),t) \ = exp 



a{X{a, s), s)ds 







ko(a)|, 



which is obtained from fll.l4p immediately shows that uj{X{a, t), t) 7^ if and 
only if uJo{a) 7^ for the particle trajectory {X{a, t)} of the classical solution 
v{x,t) of the Euler equations. Choosing e = ao{a)/\uJo{a)\ in Lemma 4.1, we 
see that either the vorticity blows up no later than = l/ao(a), or there 
exists ti G (0,T^,) such that 

^ , , a(X(a,ti),ti) ao(a) ^ , 
|u;(X(a,ti),ti)| |cJo(a)| 

Under the hypothesis that (i) and (ii)-(a) do not hold true, we may as- 
sume a G Yj\{t\) and repeat the above argument to find ^2 > ^1 such that 
$1(0,^2) < '^'i(a, if^i), and also a G Yj\{t2). Iterating the argument, we find a 
monotone increasing sequence such that $i(a,tj) > $i(a,tj+i) for all 

j = 1, 2, 3, ■ ■ ■ . In particular we can choose each so that $i(a, t) > $i(a, tj) 
for all t G (tj-i, tj\. If tj ^ too < C)0 as j — ^ 00, then we can proceed further 
to have t^ > too such that $1(0,^00) > $i(a,t*)- Hence, we may set too = 00, 
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which finishes the proof. 



The above argument can be extended to prove the following theorems. 

Theorem 5.2 (dynamics of a) Let Vq G H'^{Q), m > 5/2, he given. In 
case a{X{a,t),t) ^ we define 

^ \^xSmX(a,t),t)-p(X(a,t),t) 



a'^{X(a,t),t) 



and 



E+(t) = {a e Q I a(X(a, t),t) > 0, $2(^(0, t),t) > 1}, 

E- (0 = {a e Q I a{X{a, t),t) < 0, $2(^(0, < 1}, 

associated with v{x,t). Suppose a e ^2(0) U S^(0). T/ien one of the 
following holds true. 

(i) (finite time singularity) The solution of the Euler equations blows-up 
in finite time along the trajectory {X{a,t)}. 

(a) (regular dynamics) One of the following holds true: 

(a) (finite time extinction of a) There exists ti e (0, 00) such that 

a{X{a,ti),ti) = 0. 

(b) (long time behaviors of $2) Either there exists Ti G (0, 00) such 
that $2(0, Ti) = 1, or there exists an infinite sequence {tj}'^^ with 
ti < t2 < • ■ ■ < tj < tj+i -^00 as J —> 00 such that one of the 
followings hold: 

(b.l) In the case a e ^2(0), for allj — 1,2, - • ■ we have $2(0, 0) > 
$2(0,, ti) > ■■■ > $2(0, tj) > $2(0,^^+1) > 1 and ^2{a,t) > 

^2{a,tj) > 1 for allt G [0,tj]. 
(b.2) In the case a G 22^(0), for allj = 1, 2, ■ ■ ■ we have $2(^1 0) < 
$2(0,^1) < ■■■ < $2(0, tj) < ^2{a,tj+i) < 1 and $2(0, t) < 
$2(0, tj) < 1 for allt G [0,tj]. 

Theorem 5.3 (spectral dynamics) Let vq G H'^(Vt), m > 5/2, he given. 
In case X{X{a,t),t) ^ we define 

- |A(X(a,t),t)|3 ' 
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and 

S3(t) = {aen\ A(X(a, t),t) ^ 0, $3(X(a, t),t) > 0} 

associated with v{x,t). Suppose a G ^3(0). Then one of the following holds 
true: 

(i) (finite time singularity) The solution of the Euler equations blows-up 
infinite time along the trajectory {X{a,t)}. 

(a) (regular dynamics) One of the followings hold true: 

(a) (finite time extinction of A) There exists ti G (0, 00) such that 
A(X(a,ti),ti) = 0. 

(b) (long time behavior of $3) Either there exists Ti G (0, 00) such 
that $3(0, Ti) = 0, or there exists an infinite sequence 

with ti < t2 < ■ ■ ■ < tj < tj^i ^ 00 as j ^ 00 such that for 
all j = 1, 2, ■ ■ ■ we have $2(0, 0) > $3(0, ti) > ■ ■ • > $3(0, tj) > 
$3(a, tj+i) > and $3(0, t) > $3(0, t^) > for all t G [0,tj]. 



For the details of the proof of Theorem 5.2 and Theorem 5.3 we refer 

Here we present a refinement of Theorem 2.1 of [SU], which is proved in 
[ZD- 
Theorem 5.4 Let vq G H"^{Q), m > 5/2, be given. For such vq let us define 
a set Tj G Q by 

S = {a G I «o(o) > 0, uJo{a) 7^ 0, 3 e G (0, 1) such that 

Po{a) + 2al{a) - x %!'(«) < (1 - efa^ia)}. 

Let us set 

T. = (5.5) 

Then, either the solution blows up no later than T^,, or there exists t G (0, T*) 
such that 

p{X{a, t),t) + 2a2(X(a, t),t)-\^x S^WX{a, t),t)>{l- e) V(X(a, t),t). 

(5.6) 
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We note that if we ignore the term x So^o\'^{a), then we have the condition, 

Po{a) + alia) < {-2e + e'^)al{a) < 0, 

since e G (0, 1). Thus S C iS, where S is the set defined in Theorem 2.1 of 
[30j . One can verify without difficulty that S = for the 2D Euler fiows. 
Regarding the question if S 7^ or not for 3D Euler fiows, we have the 
following proposition (see [20] for more details). 

Proposition 5.1 Let us consider the system the domain Q = [0,27r]^ with 
the periodic boundary condition. In fl we consider the Taylor- Green vortex 
flow defined by 

u{xi,X2,X3) = (sina;i C0SX2 C0SX3, — cosxi sinx2 cosa;3, 0). (5.7) 
Then, the set 

is included in S of Theorem 4-4- Moreover, for x E Sq we have the explicit 
values of a and p, 

We recall that the Taylor-Green vortex has been the first candidate proposed 
for a finite time singularity for the 3D Euler equations, and there have been 
many numerical calculations of solution of (E) with the initial data given by 
it (see e.g. [?j). 



6 Spectral dynamics approach 

Spectral dynamics approach in the fiuid mechanics was initiated by Liu and 
Tadmor( |113j ). They analyzed the restricted Euler system (14. 3 p in terms 
of (poitwise) dynamics of the eigenvalues of the velocity gradient matrix V. 
More specifically, multiplying left and right eigenvectors of V to (14. 3p . they 
derived 

k=l 

where Xj, j = l,2,..,n are eigenvalues V, which are not necessarily real 
values. In this model system they proved finite time blow-up for suitable 
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initial data. In this section we review the results in [23], where the full 
Euler system is concerned. Moreover, the we are working on the dynamics of 
eigenvalues of the deformation tensor S'(hence real valued), not the velocity 
gradient matrix. We note that there were also application of the spectral 
dynamics of the deformation tensor in the study of regularity problem of 
the Navier-Stokes equations by Neustupa and Penel([T23])- In this section 
for simplicity we consider the 3D Euler system (E) in the periodic domain, 
Q = T^(= M^/Z^). Below we denote Ai,A2,A3 for the eigenvalues of the 
deformation tensor S = (Sij) for the velocity fields of the 3D Euler system. 
We will first establish the following formula, 

4/ iXl + Xl + \l)dx = -A [ AiAsAsrfx, (6.1) 
at Jj3 Jj3 

which has important implications(Theorem 6.1- Theorem 6.3 below). Indeed, 
using (11.121) . we can compute 

— — / SijSijdx = / Sij p— (ix 

/ dt Jj3 Jj3 JJt 



If . 1 
1 d 



SikSkjSijdx — - I ^iSijUJj + 7 / \uj\'^Siidx + / PijStjdx 

JS 4 Jj3 4 Jj3 Jj3 



SikSkjSijdx ■^"77 / l"-^! dx 
j3 o at Jf3 



where we used the summation convention for the repeated indices, and used 
the L^-version of the vorticity equation. 



Id , , ,2 



2dt 



T3 JT3 



-— / \uj\ dx = uJiSijUjj,dx (6.2) 



which is immediate from (11.131) . We note 

/ \uj\'^dx = / |Vf pc/x = / VijVijdx = / {Sij + Aij){Sij + Aij)dx 
Jts Jjs Jt3 Jj3 



SijSijdx ~\~ I AijAjjdx — / SjjSjjdx ~\~ / 1^1 dx. 



X3 JXA Jj'3 ^JT=^ 



Hence, 

1 



SijSijdx — — / 1^1 doc 
2 Jr-i 
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Substituting this into fl6.2p . we obtain that 



dt 




4 



3 




which, in terms of the spectrum of S, can be written as 



d 
di 



f (Xl + Xl + Xl)dx 



f (Xl + Xl + Xl)dx. 



(6.3) 



We observe from the divergence free condition, =div v = TrS = A1+A2+A3, 

= (Xi + X2 + \3f 

= Xl + Xl + Xl + 3Xl{X2 + A3) + 3A^(Ai + A3) + 3A3(Ai + A2) + 6A1A2A3 
= A3 + A^ + A^ -3(A3 + A^ + A^) + 6A1A2A3. 

Hence, Af + Ag + A3 = 3A1A2A3. Substituting this into (16. 3p . we completes 
the proof of (16.11) . 

Using the formula (16.11) . we can first prove the following new a priori estimate 
for the norm of vorticity for the 3D incompressible Euler equations(see 
[23] for the proof). We denote 




Theorem 6.1 Let v{t) e C{[0,T);m';^) , m > 5/2 be the local classical so- 
lution of the 3D Euler equations with initial data Vq G with cuq 7^ 0. 
Let Xi{x,t) > X2{x,t) > X3{x,t) are the eigenvalues of the deformation 
tensor Sij{v) = |(§^ + ^). We denote A^(a;, t) = max{A2(a;, t), 0}, and 
A^(a;,t) = min{A2(x, t), 0}. Then, the following estimates hold. 




U'^ = {y^ [/f"^(T3)]3 \diYV = 0}. 




for allte (0,T). 
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The above estimate says, for example, that if we have the following compat- 
ibility conditions, 

sup X^{x,t) ~ inf |A2(x,t)| ~g{t) 
j.gT3 xen 



for some time interval [0, T], then 



|u;(^)|U2 <0 exp 



C / g{s)ds 



yt e [0, T] 

for some constant C. On the other hand, we note the following connection 
of the above result to the previous one. Prom the equation 

D\uj\ 11 , , uj ■ Suj 

—— = a\u\, a[x, t) = I |„ 

we immediately have 

||'-^(^)IU2 < ||ci;o||l2 exp I / swp a{x, s)ds\ 

< ||a;o||L2 exp I / sup Ai(a:, s)dT j , 

where we used the fact A3 < a < Ai, the well-known estimate for the Rayleigh 
quotient. We note that A^(a;,t) > implies we have stretching of infinites- 
imal fluid volume in two directions and compression in the other one direc- 
tion(planar stretching) at {x,t), while IA2 (x, t)| > implies stretching in one 
direction and compressions in two directions (linear stretching). The above 
estimate says that the dominance competition between planar stretching and 
linear stretching is an important mechanism controlling the growth/decay in 
time of the norm of vorticity. 

In order to state our next theorem we introduce some definitions. Given 
a differentiable vector field / = {fi-,f2,h) on T^, we denote by the scalar 
field Xi{f), i=l,2,3, the eigenvalues of the deformation tensor associated with 
/. Below we always assume the ordering, Ai(/) > A2(/) > Mif)- We also fix 
m > 5/2 below. We recaU that if / e H™, then Ai(/) + Aal/) + Xsif) = 0, 
which is another representation of div f — 0. 

Let us begin with introduction of admissible classes A± defined by 

^+ = {/ e H™(T3) I inf A2(/)(a;)>0}, 
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and 

^_ = {/ G H™(T3) I sup A2(/)(x)<0}. 

Physically consists of solenoidal vector fields with planar stretching ev- 
erywhere, while consists of everywhere linear stretching vector fields. 
Although they do not represent real physical flows, they might be useful in 
the study of searching initial data leading to finite time singularity for the 
3D Euler equations. Given vq G H^, let T^,(wo) be the maximal time of 
unique existence of solution in for the system (E). Let St : be 
the solution operator, mapping from initial data to the solution v{t). Given 
/ G A+, we define the first zero touching time of A2(/) as 

T(/) = inf{t G {0,n{vo)) I 3x G T3 such that X2{Stf){x) < 0}. 

Similarly for / G A-, we define 

T(/) = inf{t G {0,n{vo)) I 3x G T3 such that X2{Stf){x) > 0}. 

The following theorem is actually an immediate corollary of Theorem 6.1, 
combined with the above definition of A± and T{f). We just observe that 
for vq G ^+(resp. A-) we have A2 = 0, = A2(resp. A^ = 0, A^ = A2) on 
nx{0,Tivo)). 

Theorem 6.2 LetvQ G A± be given. We set Xi{x,t) > X2{x,t) > A3(x,t) as 
the eigenvalues of the deformation tensor associated with v{x,t) = {StVQ){x) 
defined t G (0,T(t>o)). Then, for all t G {0,T{vq)) we have the following 
estimates: 

(i) If Vq G A+, then 

exp ( - I inf |A2(x, s) I c/s) < ^ jj^"^ < exp ( j sup \X2{x, s)\ds 
(a) If Vq G A-, then 

exp ( — [ sup |A2(a;, J < \ ^'^}}^ < exp ( — [ inf \X2{x, s)\ds 
V Jo xeT3 / II^o||l2 V ^ Jo ^'eT^ 

(see |23] for the proof) If we have the compatibility conditions, 

inf \X2{x,t)\ ~ sup \X2{x,t)\ ~ g{t) Wt G (0,T(t;o)), 
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which is the case for sufficiently small box T^, then we have 

exp I / g{s)ds ) if vq G A+ 



II^o||l2 



exp ^— J g{s)ds^ if Vq G A- 



for t G (0, T{vo)). In particular, if we could find vq G A+ such that 

1 



for time interval near t*, then such data would lead to singularity at t*. 

As another application of the formula (16.11) we have some decay in time 
estimates for some ratio of eigenvalues(see [23] for the proof). 

Theorem 6.3 Letvo G A± be given, and we set Xi{x,t) > X2{x,t) > Xs{x,t) 
as in Theorem 3.1. We define 

e{x, t) = V(^, t)ET'x (0, T{vo)), 



where we set 

\l{x,t) if VqEA^ 
-\3{x,t) if VqEA-. 

Then, there exists a constant C = C(fo) such that 



X{x, t) 



inf e{x,s)<^ yte{0,T{vo)). 

(a;,s)eT3x(0,i) y/t 

Regarding the problem of searching finite time blowing up solution, the proof 
of the above theorem suggests the following: 

Given 5 > 0, let us suppose we could find Vq G A+ such that for the associated 
solution v{x,t) = {StVQ){x) the estimate 

inf £ix,s)>o(^], (6.4) 

holds true, for sufficiently large time t. Then such vq will lead to the finite 
time singularity. In order to check the behavior (16.41) for a given solution we 
need a sharper and/or localized version of the equation (16. ip for the dynamics 
of eigenvalues of the deformation tensor. 
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7 Conservation laws for singular solutions 



For the smooth solutions of the Euler equations there are many conserved 
quantities as described in Section 1 of this article. One of the most impor- 
tant conserved quantities is the total kinetic energy. For nonsmooth(weak) 
solutions it is not at all obvious that we still have energy conservation. Thus, 
there comes very interesting question of how much smoothness we need to 
assume for the solution to have energy conservation property. Regarding 
this question L. Onsager conjectured that a Holder continuous weak solution 
with the Holder exponent 1/3 preserve the energy, and this is sharp ( [T25] ). 
Considering Kolmogorov's scaling argument on the energy correlation in the 
homogeneous turbulence the exponent 1/3 is natural. A sufficiency part of 
this conjecture is proved in a positive direction by an ingenious argument due 
to Constantin-E-Titi[5l], using a special Besov type of space norm, ^ with 
s > 1/3 (more precisely, the Nikolskii space norm) for the velocity. See also 
[12] for related results in the magnetohydrodynamics. Remarkably enough 
Shnirelman[136j later constructed an example of weak solution of 3D Euler 
equations, which does not preserve energy. The problem of finding optimal 
regularity condition for a weak solution to have conservation property can 
also be considered for the helicity. Since the helicity is closely related to 
the topological invariants, e.g. the knottedness of vortex tubes, the non- 
conservation of helicity is directly related to the spontaneous apparition of 
singularity from local smooth solutions, which is the main theme of this arti- 
cle. In [19] the author of this article obtained a sufficient regularity condition 
for the helicity conservation, using the function space Bl , s > 1/3, for the 

5'°° 

vorticity. These results on the energy and the helicity are recently refined 
in [21] , using the Triebel-Lizorkin type of spaces, JF^ g, and the Besov spaces 
i3p g(see Section 1 for the definitions) with similar values for s,p, but allowing 
full range of values for g G [1, oo]. 

By a weak solution of (E) in M" x (0, T) with initial data Vq we mean a 
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vector field v G C([0,T); L'f^^iW^)) satisfying the integral identity: 



T 







0(i)(x t] 

"^(^i ^) ■ — — dxdt — / Vo{x) ■ (f){x, 0)dx 



T 







T 



v{x, t) ® v{x, t) : V0(x, t)dxdt 

div t)p{x, t)dxdt = 0, (7.1) 



T 







t) ■ V^(x, t)dxdt = (7.2) 



for every vector test function = (0i, ■ ■ ■ , 0„) G C^(M" x [0,T)), and for 
every scalar test function ip G C^(]R" x [0,T)). Here we used the notation 
(m ® f )ij = UiVj, and A : = ^"^^i ^ij^ij for n x n matrices A and B. In 
the case when we discuss the helicity conservation of the weak solution we 
impose further regularity for the vorticity, uj{-,t) G L2(]R^) for almost every 
t G [0, T] in order to define the helicity for such weak solution. Hereafter, we 
use the notation X^^^(resp. Xp^g) to represent J^p^fresp. ^p^g) or B^^^fresp. 
Bpg). The following is proved in [2^ . 

Theorem 7.1 Let s > 1/3 and q G [2, cxd] be given. Suppose v is a weak 
solution of the n— dimensional Euler equations with v G C([0, T]; L^(]R")) fl 
L^(0, T; X|^(M")). Then, the energy is preserved in time, namely 

/ \v{x,t)\'^dx = / \vo{x)\'^dx (7.3) 

for allte [0,T). 

When we restrict q = oo, the above theorem reduce to the one in [51]. On 
the other hand, the results for Triebel-Lizorkin type of space are completely 
new. 

Theorem 7.2 Let s > 1/3, q G [2, oo], and ri G [2, oo],r2 G [l,oo] be 
given, satisfying 2/ri + l/r2 = 1. Suppose v is a weak solution of the 3- 
D Euler equations with v G C{[Q,T]-L\M?)) n L''i(0,T;X| (M^)) and uj G 

2 '9 

L''2(0,T;X9 (M^)), where the curl operation is in the sense of distribution. 

5 ''i 

Then, the helicity is preserved in time, namely 

v{x,t) ■ u{x,t)dx = / Vo{x) ■ iUo{x)dx (7.4) 
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for allt e [0,T). 



Similarly to the case of Theorem 7.1, when we restrict q = oo, the above 
theorem reduce to the one in jT9]. The results for the case of the Triebel- 
Lizorkin type of space, however, is new in |24j . 

As an application of the above theorem we have the following estimate 
from below of the vorticity by a constant depending on the initial data for 
the weak solutions of the 3D Euler equations. We estimate the helicity. 



V{x,t) ■ Uj{x,t)dx < \\v{-,t)\\L:4uj{-,t)\\^3 

< c\\Vv{-M^iM-M^^<c\\u:{-Mli. 



where we used the Sobolev inequality and the Calderon-Zygmund inequality. 
Combining this estimate with (17. 4p . we obtain the following: 

Corollary 7.1 Suppose v is a weak solution of the 3D Euler equations sat- 
isfying the conditions of Theorem 7.2. Then, we have the following estimate: 

||^(-,t)f 3 >Cffo, VtG [0,T) 

Li 2 

where Hq = J^^vq^x) ■ ujQ{x)dx is the initial helicity, and C is an absolute 
constant. 

Next we are concerned on the L^-norm conservation for the weak solutions 
of (QG). Let p G [2, oo). By a weak solution of {QG) in D x (0, T) with initial 
data Wo we mean a scalar field ^ G C([0, T); Lp(M2) nL^ (M^)) satisfying the 
integral identity: 



T 



B{x,t) 
Jm? 



9 



x^t)dxdt— / 6o{x)(f){x,0)dx = (7.5) 



^(a;,t) = -V^ / f^^dy (7.6) 

Jr^ f - y\ 

for every test function (j) G C^(M^ x [0, T)), where in (17. 6p is in the sense 
of distribution. We note that contrary to the case of 3D Euler equations 
there is a global existence result for the weak solutions of (QG) for p = 2 
due to Resnick( [129j ). The following is proved in 
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Theorem 7.3 Let s > 1/3, p e [2,oo), q e [l,oo], and ri e [p, oo],r2 G 
[1,00] &e given, satisfying p/ri + l/r2 = 1. Suppose 9 is a weak solution 
of (QG) with 6 G C([0,T];Lf(R2) n Ll^^im?)) fl L''i(0, T; Xp%i^^(M2)) and 
V e L''2(0, T; X*_,_]^^^(M^)). r/ien, the norm of9{-,t) is preserved, namely 

II^WIU. = ||^o|U. (7.7) 

for allt e [o,r]. 
References 

[1] V. I. Arnold and B. A. Khesin, Topological Methods in Hydrodynamics, 
Springer- Verlag, (1998). 

[2] A. Babin, A. Mahalov and B. Nicolaenko, 3D Navier-Stokes and Euler 
equations with initial data characterized by uniformly large vorticity, In- 
diana Univ. Math. J., 50, no. 1, (2001), pp. 1-35. 

[3] H. Bahouri and B. Dehman, Remarques sur V apparition de singu- 
larites dans les ecoulements Euleriens incompressibles a donnees initiales 
Hdlderiennes, J. Math. Pure AppL, 67, (1994), pp. 335-346. 

[4] J. T. Beale, T. Kato and A. Majda, Remarks on the breakdown of smooth 
solutions for the 3-D Euler equations, Comm. Math. Phys., 94, (1984), 
pp. 61-66. 

[5] H. Beirao da Veiga, Vorticity and Smoothness in Incompressible Vis- 
cous Flows, in "Wave Phenomena and Asymptotic Analysis", RIMS, 
Kokyuroku 1315 ,(2003), pp. 37-45. 

[6] H. Beirao da Veiga and L. C. Berselli, On the Regularizing Effect of the 
Vorticity Direction in Incompressible Viscous Flows, Diff. Int. Eqns, 15, 
No. 3, (2002), pp. 345-356. 

[7] M. E. Brachet, D. Meiron, S. Orszag, B. Nickel, R. Morf and U. Prisch, 
Small-scale structure of the Taylor-Green vortex, J. Fluid. Mech., 130, 
(1983), pp. 411-452. 

[8] Y. Brenier, Topics on hydrodynamics and area preserving maps. Hand- 
book of mathematical fluid dynamics(S. Fricdlaner and D. Serre eds.). 
Vol. II, North- Holland, Amsterdam, (2003), pp. 55-86. 



62 



[9] H. Brezis and S. Wainger, A note on limiting cases of Sobolev emheddings 
and convolution inequalities, Comm. P.D.E., 5 , no. 7, (1980), pp. 773-789. 

[10] L. Caffarelli and A. Vasseur, Drift diffusion equations with fractional 
diffusion and the quasi- geostrophic equation, |arXiv:math.AP/0608447| 
(2006). 

[11] R. E. Caflisch, Singularity formation for complex solutions of the 3D 
incompressible Euler equations, Physica D, 67, (1993), pp. 1-18. 

[12] R. E. Caflisch, I. Klapper and G. Steele, Remarks on singularities, 
dimension and energy dissipation for ideal hydrodynamics and MHD, 
Comm. Math. Phys., 184, (1997), pp. 443-455. 

[13] J.R. Cannon and E. DiBenedetto, The initial problem for the Boussinesq 
equations with data in , Lect. Note Math., no. 771, Springer, Berhn, 
(1980), pp. 129-144. 

[14] D. Chae, On the Well-Posedness of the Euler Equations in the Besov and 
Triebel-Lizorkin Spaces, "Tosio Kato's Method and Principle for Evolu- 
tion Equations in Mathematical Physics", pp. 42-57, Yurinsha, Tokyo 
(2002)-A Proceddings of the workshop held at Hokkaido University, 
Japan on June 27-29, 2001. 

[15] D. Chae, On the well-posedness of the Euler equations in the Triebel- 
Lizorkin spaces. Comm. Pure and Appl. Math., 55, no. 5, (2002), pp. 
654-678. 

[16] D. Chae, The quasi- geostrophic equation in the Triebel-Lizorkin spaces, 
Nonlinearity, 16, (2003), pp. 479-495. 

[17] D. Chae, On the Euler Equations in the Critical Triebel-Lizorkin Spaces, 
Arch. Rational Mech. Anal., 170, no. 3, (2003), pp.185-210. 

[18] D. Chae, Remarks on the blow-up of the Euler equations and the related 
equations. Comm. Math. Phys., 245, no. 3, (2003), 539-550. 

[19] D. Chae, Remarks on the helicity of the 3-D incompressible Euler equa- 
tions. Comm. Math. Phys., 240, (2003), pp. 501-507. 



63 



[20] D. Chae, Local Existence and Blow-up Criterion for the Euler Equations 
in the Besov Spaces, Asymp. Anal., 38, no. 3-4, (2004), pp. 339-358: a 
printed version of RIM-GARC (Seoul National University, Korea) preprint 
no., 8 (June, 2001). 

[21] D. Cliac, On the Dual Systems to the Euler and the Navier-Stokes Equa- 
tions m R^, Proc. Roy. Soc. London, Ser. A, 460, no. 2044, (2004), pp. 
1153-1168. 

[22] D. Chae, Remarks on the blow-up criterion of the 3D Euler equations, 
Nonlinearity, 18, (2005), pp. 1021-1029. 

[23] D. Chae, On the spectral dynamics of the deformation tensor and new 
a priori estimates for the 3D Euler equations, Comm. Math. Phys., 263, 
(2006), pp. 789-801. 

[24] D. Chae, On the conserved quantities for the weak solutions of the Euler 
equations and the quasi- geostrophic equations. Comm. Math. Phys., 266, 
(2006), pp. 197-210. 

[25] D. Chae, On the continuation principles for the Euler equations and the 
quasi- geostrophic equation, J. Diff. Eqns, 227, (2006), pp. 640-651. 

[26] D. Chae, On the Regularity Conditions for the Dissipative Quasi- 
geostrophic Equations, SIAM J. Math. Anal., 37, no. 5, (2006), pp. 1649- 
1656. 

[27] D. Chae, Clobal regularity for the 2D Boussinesq equations with partial 
viscosity terms, Advances in Math., 203, (2006), pp. 497-513. 

[28] D. Chae, On the Lagragian dynamics for the 3D incompressible Euler 
equations. Comm. Math. Phys., 269. (2006), pp. 557-569. 

[29] D. Chae, Incompressiblle Euler Equations: Mathematical Theory, Ency- 
clopedia of Mathematical Physics, Elsevier Science Ltd., 3, (2006), pp. 
10-17. 

[30] D. Chae, On the finite time singularities of the 3D incompressible Euler 
equations, Comm. Pure Appl. Math., 60, no. 4, (2007), pp. 597-617. 

[31] D. Chae, Notes on perturbations of the 3D Euler equations, Nonlinearity, 
20, (2007), pp. 517-522 



64 



[32] D. Chae, Nonexistence of self- similar singularities for the 3D incom- 
pressible Euler equations, Comm. Math. Phys., in press. 

[33] D. Chae, Nonexistence of asymptotically self -similar singularities in the 
Euler and the Navier-Stokes equations, Math. Ann., in press. 

[34] D. Chae, On the deformations of the incompressible Euler equations. 
Math. Z., in press. 

[35] D. Chae, On the Regularity Conditions for the Navier-Stokes and the 
Related Equations, Revista Mat. Iberoamericana, 23, no. 1, (2007), pp. 
373-386. 

[36] D. Chae, A. Cordoba, D. Cordoba and M. Fontclos, Finite time sin- 
gularities in a ID model of the quasi- geostrophic equation, Advances in 
Math., 194, (2005), pp. 203-223. 

[37] D. Chae and P. Dubovskii, Functional and measure-valued solutions of 
the Euler equations for flows of incompressible fluids. Arch. Rational 
Mech. Anal, 129, no. 4, (1995), pp. 385-396. 

[38] D. Chae and O. Yu. Imanivilov, Generic solvability of the axisymmetric 
3D Euler equations and 2D Boussunesq equations, J. Diff. Eqns., 156, 
no. 1, (1999), pp. 1-17. 

[39] D. Chae, K. Kang and J. Lee, On the interior regularity of suitable weak 
solutions of the Navier-Stokes equations, Comm. P.D.E., in press. 

[40] D. Chae and N. Kim, On the breakdown of axisymmetric smooth solu- 
tions for the 3-D Euler equations. Comm. Math. Phys., 178, (1996), pp. 
391-398. 

[41] D. Chae, S.-K. Kim, and H. -S. Nam, Local existence and blow-up crite- 
rion of Holder continuous solutions of the Boussinesq equations, Nagoya 
Math. J., 155, (1999), pp. 55-80. 

[42] D. Chae and J. Lee, Global well-posedness in the super- critical dissipative 
quasi-geostrophic equations. Comm. Math. Phys. , 233, Issue 2, (2003), 
pp. 297-311. 



65 



[43] D. Chae, H. -S. Nam, Local existence and blow-up criterion for the 
Boussinesq equations, Proc. Roy. Soc. Edinburgh, Sect. A, 127, no. 5, 

(1997) , pp. 935-946. 

[44] J. Y. Chemin, Regularity des trajectoires des particules d'un fluide in- 
compressible remplissant I'espace, J. Math. Pures AppL, 71, (5) , (1992), 
pp. 407-417. 

[45] J. Y. Chemin, Perfect incompressible fluids, Clarendon Press, Oxford, 

(1998) . 

[46] A. J. Chorin, The evolution of a turbulent vortex. Comm. Math. Phys., 
83, (1982), pp. 517-535. 

[47] P. Constantin, Note on loss of regularity for solutions of the 3D incom- 
pressible and related equations. Comm. Math. Phys., 106, (1986), pp. 
311-325. 

[48] P. Constantin, Geometric Statistics in Turbulence, SIAM Rev. ,36, 
(1994), pp. 73-98. 

[49] P. Constantin, A few results and open problems regarding incompressible 
fluids, Notices Amer. Math. Soc, 42, no. 6, (1995), pp. 658-663. 

[50] P. Constantin, Absence of proper nondegenerate generalized self-similar 
singularities, J. Stat. Phys., 93, no. 3/4, (1998), pp. 777-786. 

[51] P. Constantin, An Eulerian-Lagrangian approach for incompressible flu- 
ids: local theory. Journal of AMS, 14, (2001), pp. 263-278. 

[52] P. Constantin, Euler equations, Navier-Stokes equations and Turbulence, 
Mathematical Foundation of Turbulent Viscous Flows, Lecture Notes in 
Mathematics, no. 1871, (2006), pp. 1-43. 

[53] P. Constantin, D. Cordoba and J. Wu, On the critical dissipative quasi- 
geostrophic equation, Indiana Univ. Math. J., 50, (2001), pp. 97-107. 

[54] P. Constantin, W. E., and E. S. Titi, Onsager's conjecture on the energy 
conservation for solutions of Euler' s equation. Comm. Math. Phys., 165, 
(1994), pp. 207-207. 



66 



[55] P. Constantin and C. Fefferman, Direction of Vorticity and the Problem 
of Global Regularity for the Navier-Stokes Equations, Indiana Univ. Math. 
J., 42, (1993), pp. 775-789. 

[56] P. Constantin, C. Fefferman and A. Majda, Geometric constraints on po- 
tential singularity formulation in the 3-D Euler equations^ Comm. P.D.E., 
21, (3-4), (1996), pp. 559-571. 

[57] P. Constantin and C. Foias, Navier-Stokes Equations, Chicago Lectures 
in Mathematics Series, Univ. Chicago Press (1988). 

[58] P. Constantin, P. Lax and A. Majda, A simple one- dimensional model 
for the three dimensional vorticity equation. Comm. Pure Appl. Math., 
38, (1985), pp. 715-724. 

[59] P. Constantin, A. Majda and E. Tabak, Formation of strong fronts in 
the 2-d quasi- geostrophic thermal active scalar, Nonhnearity, 7, (1994), 
pp. 1495-1533. 

[60] P. Constantin and J. Wu, Regularity of Holder continuous solutions 



of the supercritical quasi- geostrophic equation, arXiv:math.AP/0701592 
(2007). 

[61] P. Constantin and J. Wu, Holder continuity of solutions of supercritical 



dissipative hydrodynamic transport equations, |arXiv:math.AP/0701594 
(2007). 

[62] A. Cordoba and D. Cordoba, A Maximum Principle Applied to Quasi- 
geostrophic Equations, Comm. Math. Phys. 249, no. 3, (2004), pp. 511- 
528. 

[63] A. Cordoba, D. Cordoba and M. A. Fontelos, Formation of singularities 
for a transport equation with nonlocal velocity, Ann. of Math. (2), 162, 
no. 3, (2005), pp. 1377-1389. 

[64] D. Cordoba, On the geometry of solutions of the quasi- geostrophic and 
Euler equations, Proc. Natl. Acad. Sci., 94, (1997), pp. 12769-12770. 

[65] D. Cordoba, Nonexistence of simple hyperbolic blow-up for the quasi- 
geostrophic equation, Ann. of Math., 148, (1998), pp. 1135-1152. 



67 



[66] D. Cordoba and C. Fefferman, On the collapse of tubes carried by 3D 
incompressible flows, Comm. Math. Phys., 222, (2), (2001), pp. 293-298. 

[67] D. Cordoba and C. Fefferman, Potato chip singularities of 3D flows, 
SIAM J. Matfi. Anal., 33, (2001), pp. 786-789. 

[68] D. Cordoba and C. Fefferman, Growth of solutions for QG and 2D Euler 
equations. Journal Amer. Math. Soc, 15, no. 3 (2002), pp. 665-670. 

[69] D. Cordoba and C. Fefferman, Scalars convected by a two-dimensional 
incompressible flow. Comm. Pure Appl. Math., 55, no. 2, (2002), pp. 
255-260. 

[70] D. Cordoba, C. Fefferman and R. de la Llave, On Squirt Singularities 
in Hydrodynamics, SIAM J. Math. Anal., 36, no.l, (2004), pp. 204-213. 

[71] J. Deng, T. Y. Hou and X. Yu, Geometric and Nonblowup of 3D Incom- 
pressible Euler Flow, Comm. P.D.E, 30, (2005), pp. 225-243. 

[72] J. Deng, T. Y. Hou and X. Yu, Improved geometric conditions for non- 
blow upof the 3D incompressible Euler equations. Comm. P.D. E., 31, no. 
1-3, (2006), pp. 293-306. 

[73] E. I. Dinaburg, V. S. Posvyanskii and Ya. G. Sinai, On some approxima- 
tions of the Quasi- geostrophic equation. Geometric methods in dynamics. 
II. Asterisque, xvii, no. 287, (2003), pp. 19-32. 

[74] W. E. and C. Shu, Small scale structures un Boussinesq convection, 
Phys. Fluids, 6, (1994), pp. 48-54. 

[75] D. G. Ebin and J. E. Marsden, Groups of diffeomorphisms and the mo- 
tion of an incompressible fluid, Ann. Math., 92, (1970), pp. 102-163. 

[76] H. Engler, An alternative proof of the Brezis- Wainger inequality. Comm. 
P.D.E., 14 , no. 4, (1989), pp.541-544. 

[77] L. Euler, Principes generaux du mouvement des fluides, Memoires de 
I'academie des sciences de Berhn, 11, (1755), pp. 274-315. 

[78] G. Eyink, Energy dissipation without viscosity in ideal hydrodynamics, I. 
Fourier anaysis and local energy trandfer, Physica D, 78, no. 3-4, (1994), 
pp. 222-240. 



68 



[79' 

[80 

^1 
[82 

[83 

[84 
[85 

\86 

17 



[89 



[90 



S. Friedlander, Lectures on Stability and Instability of an Ideal Fluid, 
IAS/Park City Mathematics Series 5, 'Hyperbolic Equations and Fre- 
quency Interactions' Edited by L. Caffarelli and W. E, AMS/IAS, (1998). 

S. Friedlander, N. Pavlovic, Blow-up in a three dimensional vector model 
for the Euler equations, Comm. Pure Appl. Math., 42, (2004), pp. 705- 
725. 

U. Frisch, Turblence, Cambridge University Press, (1995). 

U. Frisch, T. Matsumoto and J. Bee, Singularities of Euler Flow? Not 
Out of Blue!, J. Stat. Phys., 113, no. 5-6, (2003), pp. 761-781. 

B. Galanti, J.D. Gibbon and M. Heritage, Vorticity alignment results for 
the three-dimensional Euler and Navier-Stokes equations, Nonlinearity, 
10, (1997), pp. 1675-1694. 

G. Galdi, An Introduction to the mathematical theory of Navier-Stokes 
equations, I, II, Springer- Verlag, (1994). 

J. D. Gibbon, A quaternionic structure in the three-dimensional Euler 
and ideal magneto-hydrodynamics equations, Physica D., 166, (2002), pp. 
17-28. 

J. D. Gibbon, Ortho-normal quaternion frames, Lagrangian 
evolution equations and the three-dimensional Euler equations, 



arXiv:math-ph/0610004, (2006). 

J. D. Gibbon, D. D. Holm, R. M. Kerr and I. Roulstone, Quaternions 
and particle dynamics in Euler fluid flow, Nonlinearity, 19, (2006), pp. 
1969-1983. 

Y. Giga and R. V. Kohn, Asymptotically Self- Similar Blow-up of Semi- 
linear Heat Equations, Comm. Pure Appl. Math., 38, (1985), pp. 297-319. 

R. Grauer and T. Sideris, Numerical computation of three dimensional 
incompressible ideal fluids with swirl, Phys. Rev. Lett., 67, (1991), pp. 
3511-3514. 

R. Grauer and T. Sideris, Finite time singularities in ideal fluids with 
swirl, Physica D, 88, no. 2, (1995), pp. 116-132. 



69 



[91 
[92 

[93 

[94 

[95 
[96 

[97; 

[98 
[99 



J. M. Greene and R. B. Pelz, Stability of postulated, self- similar, hydro- 
dynamic blowup solutions, Phys. Rev. E, 62, no. 6, pp. 7982-7986. 

T. Y. Hou and C. Li, Global well-posedness of the viscous Boussinesq 
equations. Discrete and Continuous Dynamical System, 12, No. 1, (2005), 
pp. 1-12. 

T. Y. Hou and R. Li, Nonexistence of local self-similar blow-up 
for the 3D incompressible Navier-Stokes equations, arXiv-preprint, 



math.AP/0603126 



T. Y. Hou and R. Li, Dynamic depletion of vortex stretching and non- 
blowup of the 3-D incompressible Euler equations, to appear in J. Non- 
linear Sciences. 

B. Jawerth, Some observations on Besov and Lizorkin-Triebel Spaces, 
Math. Sacand., 40, (1977), pp. 94-104. 

T. Kato, On classical solutions of the two dimensional nonstationary 
Euler equations. Arch. Rat. Mech. Anal, 25, (1967), pp. 188-200. 

T. Kato, Nonstationary flows of viscous and ideal fluids inM.^, J. Funct. 
Anal.,9, (1972), pp. 296-305. 

T. Kato and G. Ponce, Well posedness of the Euler and Navier-Stokes 
equations in Lebesgue spaces Lp(R^), Revista Ibero- Americana, 2, (1986), 
pp. 73-88. 

T. Kato and G. Ponce, Commutator estimates and the Euler and Navier- 
Stokes equations. Comm. Pure Appl. Math., 41, (1988), pp. 891-907. 



[100] N. Katz and N. Pavlovic, Finite time blowup for a dyadic model of the 
Euler equations. Trans. AMS, 357, no. 2, (2005), pp. 695-708. 

[101] R. M. Kerr, Evidence for a singularity of the 3-dimensional, incom- 
pressible Euler equations, Phys. Fluids A, 5, (1993), pp. 1725-1746. 



[102] R. M. Kerr, Computational Euler history, |arXiv:physics/0607148 
(2006). 



70 



[103] A. Kiselev, F. Nazarov and A. Volberg, Global well-posedness 
for the critical 2D dissipative quasi- geo atrophic equation, 
arXivimath. AP /OGOilSSl (2006). 



[104] S. Klainerman and A. Majda, Singular limits of quasilinear hyperbolic 
systems with large parameters and the incompressible limit of compressible 
flmds, Comm. Pure Appl. Math. 34, (1981), pp. 481-524. 

[105] H. Kozono and Y. Taniuchi, Limiting case of the Sobolev inequality 
in BMO, with applications to the Euler equations, Comm. Math. Phys., 
214, (2000), pp. 191-200. 

[106] H. Kozono, T. Ogawa, and T. Taniuchi, The critical Sobolev inequali- 
ties in Besov spaces and regularity criterion to some semilinear evolution 
equations, Math Z., 242(2), (2002), pp. 251-278. 

[107] O. A. Ladyzenskaya, The mathematical theory of viscous incompressible 
flow, Gordon and Breach, (1969). 

[108] H. Lamb, Hydrodynamics, Cambridge Univ. Press, (1932). 

[109] P. G. Lemarie-Rieusset, Recent developments in the Navier-Stokes prob- 
lem, research notes in mathematics series, 431, Chapman & Hall/CRC , 
(2002). 

[110] J. Leray, Essai sur le mouvement d'un fiuide visqueux emplissant 
Vespace, Acta Math., 63, (1934), pp. 193-248. 

[Ill] L. Lichtenstein, Uber einige Existenzprobleme der Hydrodynamik 
homogener unzusammendriickbarer, reibunglosser Fliissikeiten und die 
Helmholtzschen Wirbelsalitze, Math. Zeit., 23, (1925), pp. 89-154; 26, 
(1927), pp. 193-323, pp. 387-415 ; 32, (1930), pp. 608-725. 

[112] P. L. Lions, Mathematical Topics in Fluid Mechanics, Vol 1. Incom- 
pressible Models, Oxford University Press, (1996). 

[113] H. Liu and E. Tadmor, Spectral Dyanamics of the Velocity Gradient 
Field in Restricted Flows, Comm. Math. Phys., 228, (2002), pp. 435-466. 

[114] A. Majda, Gompressible Fluid Flow and Systems of Gonservation Laws 
in Several Space Variables, Appl. Math. Sci., 53, Springer, (1984). 



71 



[115] A. Majda, Vorticity and the mathematical theory of incompressible fluid 
flow, Comm. Pure Appl. Math., 39, (1986), pp. 187-220. 



[116] A. Majda and A. Bertozzi, Vorticity and Incompressible Flow, Cam- 
bridge Univ. Press. (2002). 

[117] A. Majda, Introduction to PDEs and Waves for the Atmosphere and 
Ocean, Courant Lecture Notes in Mathematics, no. 9, AMS/CIMS, 
(2003). 

[118] C. Marchioro and M. Pulvirenti, Mathematical Theory of Incompress- 
ible Nonviscous Fluids, Springer- Verlag, (1994). 

[119] J. R. Miller, M. O'Leary and M. Schonbek, Nonexistence of singular 
pseudo-self-similar solutions of the Navier-Stokes system. Math. Ann., 
319, (2001), no. 4, pp. 809-815. 

[120] H. K. Moffatt, Some remarks on topological fluid mechanics, in An 
Introduction to the Geometry and Topology of Fluid Flows, R. L. Ricca, 
ed., Kluwer Academic Pubhshers, Dordrecht, The Netherlands, (2001), 
pp. 3-10. 

[121] A. Morlet, Further properties of a continuum of model equations with 
globally defined flux, J. Math. Anal. Appl., 221, (1998), pp. 132-160. 

[122] J. Necas, M. Ruzicka and V. Sverak, On Leray's self-similar solutions 
of the Navier-Stokes equations. Acta Math. 176, no. 2, (1996), pp. 283- 
294. 

[123] J. Neustupa and P. Penel, Regularity of a weak solution to the Navier- 
Stokes equation in dependence on eigenvalues and eigenvectors of the rate 
of deformation tensor, Progr. Non. Diff. Eqns. Appl., 61, Birkhauser, 
Basel, (2005), pp. 197-212. 

[124] K. Ohkitani and M. Yamada, Inviscid and inviscid-limit behavior of a 
surface quasi-geostrophic flow, Phys. Fluids, 9, (1997), pp. 876-882. 

[125] L. Onsager, statistical hydrodynamics, Nuovo Cimento SuppL, 6, 
(1949), pp. 279-287. 



72 



[126] H. Okamoto and K. Ohkitani, On the Role of the Convection Term in 
the Equations of Motion of Incompressible Fluid, J. Phys. Soc. of Japan, 
74, no. 10, (2005), pp.2737-2742. 

[127] R. Pelz, Symmetry and hydrodynamic blow-up problem, J. Fluid Mech., 
444, pp. 299-320. 

[128] G. Ponce, Remarks on a paper by J. T. Beale, T. Kato and A. Majda, 
Comm. Math. Phys., 98, (1985), pp. 349-353. 

[129] S. Resnick, Dynamical problems in nonlinear advective partial differen- 
tial equations, Ph.D. Thesis, University of Chicago, Chicago, (1995). 

[130] T. Runst and W. Sickel, Soholev Spaces of Fractional Order, Nemyt- 
skij Operators, and Nonlinear Partial Differential Equations, Walter de 
Gruyter, Berlin, (1996). 

[131] T. Sakajo, Blow-up solutions of the Constantin- Lax- Majda equation 
with a generalized viscosity term, J. Math. Sci. Univ. Tokyo, 10, no. 1, 
(2003), pp. 187-207. 

[132] T. Sakajo, On global solutions for the Constantin-Lax-Majda equation 
with a generalized viscosity term, Nonlinearity, 16, no. 4, (2003), pp. 
1319-1328. 

[133] V. Scheffer, An inviscid flow with compact support in space-time, J. 
Geom. Anal, 3, no. 4, (1993), pp. 343-401. 

[134] S. Schochet, Explicit solutions of the viscous model vorticity equation. 
Comm. Pure Appl. Math., 39, no. 4, (1986), pp. 531-537. 

[135] A. Shnirelman, On the nonuniqueness of weak solution of the Euler 
equations, Comm. Pure Appl. Math., L, (1997), pp. 1261-1286. 

[136] A. Shnirelman, Weak solutions with decreasing energy of incompressible 
Euler equations, Comm. Math. Phys., 210, (2000), pp. 541-603. 

[137] E. M. Stein, Singular Integrals and Differentiability Properties of Func- 
tions, Princeton Univ. Press, Princeton, NJ, (1970). 

[138] E. M. Stein, Harmonic Analysis, Real Variable Methods, Orthogonality, 
and Oscillatory Integrals, Princeton Univ. Press, Princeton, NJ, (1993). 



73 



[139] E. Tadmor, On a new scale of regularity spaces with applications to 
Euler's equations, Nonlinearity, 14, (2001), pp. 513-532. 

[140] Y. Taniuchi, A note on the blow-up criterion for the inviscid 2-D 
Boussinesq equations, Lecture Notes in Pure and Applied Math., 223, 
"the Navier-Stokes equations: theory and numerical methods" , edited by 
R. Salvi.,(2002), pp. 131-140. 

[141] M. E. Taylor, Tools for PDE, Mathematical Surveys and Monographs, 
81, Amer. Math. Soc. (2000). 

[142] R. Temam, On the Euler equations of incompressible flows, J. Funct. 
Anal, 20, (1975), pp. 32-43. 

[143] R. Temam, Local existence of solutions of the Euler equations of in- 
compressible perfect fluids. Lecture Notes in Mathematics 565, Berlin, 
Heidelberg, New York, Springer, (1976), pp. 184-195. 

[144] R. Temam, Navier-Stokes equations, 2nd ed., North-Holland, Amster- 
dam, (1986). 

[145] H. Triebel, Theory of Function Spaces, Birkauser Verlag, Boston, 
(1983). 

[146] T-P. Tsai, On Leray's self-similar solutions of the Navier-Stokes equa- 
tions satisfying local energy estimates. Arch. Rational Mech. Anal., 143, 
no. 1, (1998), pp. 29-51. 

[147] M. Vishik, Hydrodynamics in Besov spaces. Arch. Rational Mech. Anal, 
145, (1998), pp. 197-214. 

[148] M. Vishik, Incompressible flows of an ideal fluid with vorticity in bor- 
derline spaces of Besov type, Ann. Scient. Ec. Norm. Sup., serie, t. 32, 
(1999), pp. 769-812. 

[149] J. Wu, Inviscid limits and regularity estimates for the solutions of the 
2-D dissipative Quasi- geostrophic equations, Indiana Univ. Math. J., 46, 
no. 4 (1997), pp. 1113-1124. 

[150] J. Wu, Dissipative quasi- geostrophic equations with LP data. Electro. 
J. Dff. Eqns, 56 (2001), pp. 1-13. 



74 



[151] J. Wu, The quasi- geo sir ophic equations and its two regularizations, 
Comm. P.D.E. 27 no. 5-6 (2002), pp. 1161-1181. 

[152] X. Yu, Localized Non-blow-up Conditions for 3D Incompressible Euler 
Flows and Related Equations, Ph.D Thesis, California Institute of Tech- 
nology, (2005). 

[153] V. I. Yudovich, Non-stationary flow of an ideal incompressible fluid, 
Akademiya Nauk SSSR. Zhurnal Vychislitelnol Matematiki I Matem- 
aticheskoi Fiziki, 3, (1963), pp. 1032-1066. 

[154] V. I. Yudovich, Uniqueness theorem for the basic nonstationary problem 
in the dynamics of an ideal incompressible fluid. Math. Res. Lett., 2, 
(1995), pp. 27-38. 



75 



